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Abstract
We formulate Witten index problems for theories with two supercharges
in a Majorana doublet, such as in d = 3 N = 1 or in d = 1 N = 2. Re-
gardless of spacetime dimensions, the wall-crossing occurs generically, in the
parameter space of the real superpotential W . With scalar multiplets only,
the path integral reduces to a Gaussian one in terms of dW , with a winding
number interpretation, and allows an in-depth study of the wall-crossing. After
discussing the connection to well-known mathematical approaches such as the
Morse theory, we move on to Abelian gauge theories. Even though the index
theorem for the latter is a little more involved, we again reduce it to winding
number countings of the neutral part of dW . The holonomy saddle plays key
roles for both dimensions and also in relating indices across dimensions.
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1 Motivation
Since the appearance of the index theorem [1] and its adaptation in physics [2], such
topological characterizations became important tools of the trade for studying su-
persymmetric theories. The path integral reformulation of the index theorem started
with the non-linear sigma model by Alvarez-Gaume [3], hence suitable for geomet-
ric problems. Since then, numerous generalizations to gauge theories have appeared
in literature, and perhaps the most recent and the most systematic descendent are
Refs. [4, 5] for d = 2 and Ref. [6] for d = 1 gauge theories. The former computes
the elliptic genera while the latter computes χy genus, when the theory flows to a
compact nonlinear sigma models, and may be considered a sweeping generalization of
the Atiyah-Singer index theorems and Alvarez-Gaume’s path integral reformulation
thereof, to a certain class of gauged dynamics with complex supersymmetries.
These recent computations of topological quantities often rely on the so-called
localization [7, 8]. Although one often attributes the resulting simplification to the
presence of a BRST operator constructed out of selected supercharges, the real mech-
anism behind the simplification can be traced to the massive deformation of the the-
ories, which of course is also loosely connected to the choice of the BRST operator.
Various flavor chemical potentials as well as flavor masses are typical such, and also
immensely helpful is the R-symmetry chemical potential, which combined with an-
gular momentum is capable for preserving some supersymmetry. This reduces the
problem to a functional Gaussian integral, leaving behind a finite number of integrals,
often parameterizing the Cartan directions. Another batch of the simplification arises
from the holomorphicity [9], namely how the supersymmetric partition functions de-
pend on external parameters in holomorphic combinations and also how the final
phase of the finite integrals reduces to a contour integral of a meromorphic function.
On the other hand, theories with supersymmetries in a Majorana doublet in d = 3
sense, are qualitatively different. There is no R-symmetry in d = 3 N = 1, and
although the dimensional reduction to d = 1 creates one U(1)R, one cannot introduce
its chemical potential because both supercharges transform under it. We could try
to turn on flavor chemical potentials, as one would have done for d = 2 N = (0, 2)
theories. However, such flavor chemical potentials play minimal roles and simply
invoke a fixed point theorem a` la Lefschetz [10]. The flavor chemical potentials tend
to disappear from the final form of the twisted partition functions, so that no notion of
the refinement of the index seems possible, which is related to how the supermultiplet
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content differs between (1, 1) and (0, 2) supersymmetry in d = 2.
For geometric theories, the absence of the refinement by R-charge can be under-
stood from the minimal supersymmetry, which does not impose any constraint on
the target holonomy. With twice the supersymmetries, or exceptionally for d = 2
N = (0, p ≥ 2) and d = 1 dimensional reduction thereof, the target would be at least
Ka¨hler if the theory flows down to a nonlinear sigma model [11], where the cohomol-
ogy decomposes into a Hodge diamond and the refined χy genus can be counted [6].
With the Majorana doublet supercharges, the Euler number is the only topological
quantity that can be constructed regardless of the target dimensions.
This brings us to the question: While we are all familiar with how the Euler
number is defined and computed via cohomology when the target is geometric, what
would be its analog for general supersymmetric theories? In other words, what are
the general features of the Witten index when the supersymmetry is minimal and
non-chiral. The subject is hardly new, as this was one of the first class of problems
studied by Alvarez-Gaume [3] in his path integral reformulation of Atiyah-Singer
index theorem [1]. For the Euler index, Witten also expanded the discussion into the
Morse theory [12], again mostly in the context of compact non-linear sigma model.
In this note, we wish to explore a generalized notion of the Euler index for d = 1 and
d = 3 theories with two real supercharges, by expanding these pioneering works.
One reason why we come back to this system is the wall-crossing, which turns
out to be quite prevalent, and surprisingly so regardless of the spacetime dimensions.
Recall how the wall-crossing happens in the more familiar d = 1 N = 4 [6] but not
in its uplift to d = 2 N = (2, 2) [11]. The d = 1 refined Witten index may experience
a sudden jump as a Fayet-Iliopoulos constant ζ changes the sign [6, 13, 14], yet the
elliptic genus, its d = 2 analog, does not. This difference can be understood in many
different perspectives, but one such is to realize that the phenomenon arises from
gapless Coulombic flat direction. The ground state sector of the Coulombic side is
notoriously dimension-dependent, yielding such differences between d = 1 and d = 2.
On the other hand, with the current, reduced supersymmetry content, the FI-
term becomes a term in the superpotential. The would-be Coulombic direction,
which is responsible for the wall-crossing, is also spanned by a scalar multiplet [15].
The familiar wall-crossing phenomena must be now attributed to asymptotics along
the matter side; as such the strong dependence on spacetime dimensions is no longer
necessary. The wall-crossing occurs in the parameter space of the real superpotential.
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The simplest example is a theory with a single real scalar field X with a quadratic
superpotential W = mX2/2, whose index proves to be
I = sgn(m) , (1.1)
and the wall of marginal stability occurs at m = 0. This already hints at how rampant
the wall-crossing phenomena would be with this reduced supersymmetry.
Although the compact (geometric) theories admit topologically robust Euler num-
bers, computable by several well-known methods, study of the Witten index for
theories that are more familiar to physics, such as the above free massive thoery, is
surprisingly sparse. Furthermore, a systematic study of wall-crossing is much needed.
In this note, we will resort to the heat kernel expansion [16] and formulate the twisted
partition functions and Witten indices of various d = 1 N = 2 theories and d = 3
N = 1 Abelian Chern-Simons-Matter theories [15]. For the latter we restrict our at-
tention to massive theories with discrete classical vacua along the matter side, since
for theories with nontrivial classical moduli space of vacua the d = 3 Witten index
itself would be ill-defined. While the latter might be sometimes circumvented by in-
troducing flavor chemical potentials, we will not pursue this here as this in principle
represents a heavy-handed deformation of the dynamics [17].
When the theory has scalar multiplets only and a superpotential that admits
discrete vacua only, the d = 3 Witten index is easily computed by d = 1 Witten
index of the dimensionally reduced theory, as the former can be reduced to d = 1 by
putting theory on spatial T2. These cases will be discussed in Section 2, where we
reduce the relevant path integral down to a set of ordinary Gaussian integrals. The
result connects the Witten index, or a generalized Euler index, to various topological
interpretations such as the winding number associated with the superpotential, the
Morse theory, and the Lefschetz fixed point theorem. Our main concern in Section 2,
however, will be the wall-crossings and also finding a formulation that will generalize
naturally to the gauged dynamics in the subsequent Sections.
With the gauge sector present, vacuum physics is more sensitive to the dimensions.
Section 3 deals with d = 1 SO(2) theories, where we again reduce the path integral to
a purely Gaussian form, very similar to the matter-only cases in Section 2, although
the indices, or the twisted partition functions, have even simpler form than the matter
only cases. The gauge sector often offers additional asymptotic flat directions, which
can in principle cause a new type of wall-crossing, but we show that in fact this does
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not happen. All wall-crossings arise entirely due to the asymptotics of the d = 1
N = 2 matter sectors, instead. This unexpected behavior can be explained by the
mere logical possibility of uplifting the theory to a d = 3 Chern-Simons theory, as we
will discuss at the end of Section 3.
Whenever one considers a supersymmetric partition function of a gauge theory on
a circle, the holonomy saddles [18,19] enter the story. For SO(2) theories, this concept
is related to how a gauge-symmetry breaking by charge q > 1 leaves behind the Zq
discrete subgroup, and how the vacua would be labeled by the discrete holonomies
valued in such Zq. In the Hamiltonian view, the relevant holonomies would be those
associated with spatial circles in Td−1. In path integrals, however, the Zq holonomies
along the Euclidean time circle also enter, which multiply the above Gaussian integrals
by a factor |q|d for theories put on Td. Throughout Sections 3 and 4, this factor will
play a crucial role.
In Section 4, we move on to computation of Witten indices of d = 3 N = 1
SO(2) Chern-Simons-Matter theories. Note that we should expect immediate and
qualitative differences between d = 3 N = 1 and the better studied d = 3 N = 2
[21,22]. For example, we will see proliferation of wall-crossing in d = 3 N = 1, while
it is well known that the wall-crossing is absent for the latter [22]. As we emphasized
earlier, this can be easily understood from its d = 1 cousins and how the wall-crossing
enters the story via the (real) superpotential.
In this last section, we will again manage to reduce the d = 3 path integral such
that the entire Witten index is expressed again in terms of certain winding numbers
associated with the superpotential W . In particular, much of these winding numbers
can be attributed to those of neutral matter multiplets on par with the results in
Section 2. This in particular means that if the gauge theory has no neutral scalar
multiplet, the index takes a rather universal form. We formulate an index theorem
complete with a computational routine and close with several examples, as well as a
simple check of proposed d = 3 N = 1 dualities.
We close this summary with a comment on the notation. The main purpose of
this note is to reduce path integrals to ordinary Gaussian integrals in the end. This
involves a scaling limit of the Euclidean time span β → 0, and an accompanying
rescaling of bosonic fields and the superpotentials. We will need to talk about the
original field variables, the zero modes, and also β-rescaled version of the latter. The
first two would be denoted by capital alphabet, such as X, while the last by the
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lowercase x. However, in the later part of the note, we will take such rescalings for
granted and be less strict about the distinction between the original zero mode X
and the rescaled one x. As such, X’s would be used in place of x’s in many of the
middle steps. We made sure to retain x for the final integral formulae, however, as a
reminder of β-rescaling performed to get there.
1.1 The Two-Component Majorana Supercharges
We consider a non-chiral supersymmetry, responsible for d = 3 N = 1 theories or for
d = 2 N = (1, 1) theories [15]. We will denote its d = 1 version as N = 2 in this
note, for the lack of a better notation. We wish to caution the readers that another
d = 1 theories with two supercharges can come from the dimensional reduction of
d = 2N = (0, 2) chiral theories whose refined Witten index was studied thoroughly in
Ref. [6]. Sometimes, we refer to the latter type by characterizing its supersymmetry
to be “complex” as opposed to “real.”
The supercharges for the theories we wish to study in this note belong to a Ma-
jorana doublet, with
γ0 = iσ2 , γ
1 = σ3, γ
2 = σ1 . (1.2)
For the Euclidean signature with which all computations here will proceed, the
fermions are pseudo-real, and a convenient basis is
γ1 = σ1 , γ
2 = σ2 , γ
3 = σ3 . (1.3)
We can deduce the supermultiplet content of N = 1 from those of the more familiar
N = 2 supersymmetries by halving the supermultiplet.
The basic scalar supermultiplet is literally a half of the more familiar d = 3 N = 2
chiral multiplet,
Φ = X + θaψa − θ2F , (1.4)
where the spinor indices are raised and lowered, respectively, by the left and the right
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multiplication by C ≡ iσ2, and we also define
θ2 = −1
2
θaθa . (1.5)
With the supercovariant derivative
Da ≡ ∂a + iθb ∂ab (1.6)
where
∂ab ≡ γiab
∂
∂xi
, (1.7)
the scalar multiplet has the following superspace Lagrangian,
L = 1
4
∫
d2θ (DaΦDaΦ) +
∫
d2θ W (Φ) , (1.8)
which produces upon the Grassmanian integral,
1
2
∂iX∂
iX +
1
2
ψai∂ ba ψb +
1
2
(∂XW )
2 + ψ2∂2XW (X) , (1.9)
where W is a real superpotential. With more than one scalar multiplet ΦI , we have
∑
µ
(
1
2
∂iX
µ∂iXµ +
1
2
ψaµi∂
b
a ψ
µ
b +
1
2
(∂µW )
2
)
+
∑
µ,ν
ψµψν ∂µ∂νW (X) , (1.10)
where ∂µ stands for the derivative with respect to a real scalar X
µ. For matter
multiplets, note that we literally divided an N = 2 chiral into two equal parts and
end up with real scalar multiplets with Majorana fermions.
For vectors, on the other hand, the N = 2 vector is split into an N = 1 vec-
tor (Ai, λ) and an N = 1 real scalar multiplet (Σ,Λ, D). The real auxiliary D
field belongs to the latter, so one qualitatively new feature is that the would-be the
Fayet-Iliopoulos term is actually part of the real superpotential. This fact is rather
significant since the FI constant often plays a central role in determining infrared
behavior of supersymmetric gauge theories, and in particular controls wall-crossings
for d = 1 theories. As such, the role of superpotential will prove to be central when
we consider the Witten index and wall-crossing for theories with a supercharge in a
two-component Majorana spinor.
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We refer the readers to [15] for a complete detail of the vector supermultiplet and
here merely write down a bare-bone feature of the Lagrangian. In addition to the
standard kinetic term for A and λ, a unit-charged complex scalar multiplet (Φ,Ψ, F )
would couple to an SO(2) vector as follows, for example,
1
2
(
∂iX∂
iX + ψai∂ ba ψb
)
⇒ −Φ¯(∂ − iA)2Φ + iΨ¯a(∂ ba − iA ba )Ψb + i(ΨaλaΦ¯− Ψ¯aλaΦ) , (1.11)
where we now took the matter multiplets to be complex, Φ = (X1 + iX2)/
√
2, etc. In
Section 2, Abelian vector multiplets will make a brief appearance as external objects
that make the theory massive. In Sections 3 and 4, on the other hand, we will consider
gauge theories where the vector multiplet becomes dynamical.
2 Index and Wall-Crossing: Matter Only
In this section, we will explore the usual heat kernel expansion [16] further, with an
aim at handling theories with wall-crossing phenomena or continuum sector or both.
We start with d = 1 N = 2 theories with two real supercharges [3]. The canonical
Hamiltonian for scalar multiplets is
H ≡
N∑
µ=1
(
1
2
piµpiµ +
1
2
(∂µW )
2
)
+
N∑
µ,ν
ψµψν ∂µ∂νW (X) , (2.1)
with the canonical conjugate momenta piµ to X
µ and the two sets of Grassman vari-
ables each spanning a Clifford algebra,
{ψµa , ψνb } = δµνδab . (2.2)
The quantity we wish to compute is the twisted partition function,
Tr (−1)Fe−βH (2.3)
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with two interesting limits,
I = lim
β→+∞
Tr (−1)Fe−βH ,
Ω = lim
β→0+
Tr (−1)Fe−βH .
(2.4)
The former is the desired Witten index [2], while the latter, so-called bulk part, is
the one that can be compute systematically.#1
The trace over the Hilbert space reduces to the following integral,
Tr (−1)Fe−βH =
∫
dNX trψ
(
(−1)F〈X| e−βH |X〉) , (2.5)
where the trψ means the trace over the spinor representation of the algebra (2.2),
where (−1)F is nothing but the usual chirality operator. The small β limit of this
expression computes the so-called bulk index Ω, or the twisted partition function.
The small β expansion proceeds as
Ω ≡ lim
β→0+
Tr (−1)Fe−βH = lim
β→0+
βN
(2piβ)N/2
∫
dNX det(∂µ∂νW ) e
−β (∂W )2/2 , (2.6)
where we used the standard Heat kernel expansion with the familiar zero-th order
part,
〈X˜| e β ∂2X/2 |X〉 = 1
(2piβ)N/2
e−(X˜−X)
2/2β , (2.7)
in the N dimensional Euclidean space RN . With sufficiently gapped W , on the other
hand, (2.6) should in turn equal the integral index I.
Along the way to (2.6), it is instructive to note that the determinant prefactor is
actually a Pfaffian,
det(∂I∂JW ) ⇐ Pf(ab∂µ∂νW ) (2.8)
#1As has been emphasized elsewhere [17], the so-called localization method for supersymmetric
partition functions in the presence of a circle often computes the analog of Ω, even though there it
may appear that no particular limit of β is taken. Since β is dimensionful, it is really a dimensionless
combination of β with some other scaling parameter that is implicitly taken to zero in such a localized
path integral. Insertion of the chemical potential can retain some memory of finite circle size [19],
yet the parameter sitting in front of H or more precisely Q2 is effectively taken to zero at the end
of the localization process.
9
since the fermion bilinear responsible for this contribution has the form
abψ
µaψνb∂µ∂νW (2.9)
with Majorana ψ’s. When we introduce the gauge symmetry, it is the latter that will
be generalized straightforwardly.
2.1 A Single Scalar: I vs. Ω
For the simplest illustration, consider a single scalar multiplet with a polynomial W
with the leading power k, W = ckX
k/k! + · · · . Rescaling X by x ≡ β1/2(k−1)X, we
remove the power of β in the prefactor; this also allows us to ignore lower powers of
X in W . Then we end up with
Ω =
1
(2pi)1/2
∫ ∞
−∞
dx
ckx
k−2
(k − 2)! e
−(ckxk−1/(k−1)!)2/2 . (2.10)
For odd k, this is an integral of odd function, hence we find
I = 0 . (2.11)
With k even, the integral reduces to a Gaussian integral we will encounter repeatedly
below,
1
(2pi)1/2
∫ ∞·sgn(ck)
−∞·sgn(ck)
dy e−y
2/2 , (2.12)
with y ≡ ckxk−1/(k − 1)!, so that
I = Ω = sgn(ck) . (2.13)
Another way to understand these results is to recall that the supersymmetric
wavefunction in this simple theory is proportional to
Ψ±(X) ∼ e±W (X) , (2.14)
where the sign in the exponent is correlated with the chirality (−1)F of the wave-
function. Clearly W (X) must diverge at the two asymptotic infinities X → ±∞ with
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a common same sign, for one of these two states to be physically acceptable, so k
should be even for a ground state to exist. This also tells us the above result goes
well beyond the polynomial form of the superpotential we assumed for the sake of
convenience.
It is instructive to redo this computation with slightly different scaling, which
sheds more light. Suppose we chose to scale coefficients of the lower powers of X
such that ak−δ ≡ βδ/2(k−1)ck−δ kept finite,
W˜ (x) ≡ W (X)
∣∣∣∣
X→x ; cn→an
(2.15)
so that the integrand is∫
dx W˜ ′′(x) e−(W˜
′(x))2/2 = dy e−y
2/2 (2.16)
with y ≡ W˜ ′(x). Note how all the information is now transferred to the integral
range via the map x → W˜ ′(x). In fact this can be done for any real function W , so
we may as well consider W˜ (x) an arbitrary smooth function.
Since one can generally find places where W˜ ′′(x) = 0, the integral range of y
is in general composed of multiple overlapping segments. Suppose the range of y
integration decomposes into [yL ≡ W˜ ′(−∞), y1] ∪ [y1, y2] ∪ · · · ∪ [yk−2, yR ≡ W˜ ′(∞)].
The adjacent segments will cancel, at least partially, and the net integration range is
[yL, yR],
Ω =
1
(2pi)1/2
∫ yR
yL
dy e−y
2/2 . (2.17)
This non-integral result can be understood from the fact that yL,R control the asymp-
totic flat directions along X = ±∞. If these numbers are finite, it means that we
can have a continuum sector contribution to Ω, only to be suppressed by e−y
2
L,R/2.
In order to count the genuine ground states, unaffected by the finite values of these
asymptotic potentials, one may scale up the entire potential W by an arbitrary large
positive number, say C. As long as neither of yL,R is zero, the problem is Fredholm,
and the true index would be robust under such a deformation. Then,
ΩC ≡ 1
(2pi)1/2
∫ yR×C
yL×C
dy e−y
2/2 (2.18)
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produces
I = lim
C→∞
ΩC =

1 yL < 0 < yR
0 yL × yR > 0
−1 yL > 0 > yR
, (2.19)
which of course reduces to the standard result, in accord with the explicit wavefunc-
tion construction (2.14).
From this simple exercise we learn a few valuable things about Ω. First of all, if
the asymptotic potential approaches a finite value, Ω won’t be in general integral but
will be contaminated by continuum, exponentially suppressed by e−βW
′(±∞)2/2. It is
important that we keep β small but finite, despite the usual heat kernel expansion,
since, otherwise, we would lose control over the continuum contributions. Since the
index is robust as long as the asymptotic dynamics is qualitatively unaltered, we
should take care to keep the functional form of the combination β(W ′)2 intact and
finite in the middle steps, even as β → 0. As long as the problem is Fredholm, we
always have a choice to scale up W in the end without affecting the true ground state
sector, producing the true index I at the very end of the process.
Note that, already for this simplest of theories, the system can undergo wall-
crossing at a codimension-one wall where one of the two asymptotic values W ′(±∞)
crosses zero. In order to catch this, it is advantageous to postpone the scaling (2.19)
such that Ω remains a smooth function of coupling constants: again, we must not
be hasty in deforming away details of the superpotential, even if naive topological
robustness seems to allow it. A simple corollary of (2.19) is,
IW − I−W = ±2 , (2.20)
where IW is the index for the theory of a single scalar multiplet with the superpo-
tential W . This gives the prototype wall-crossing behavior of all. The superpotential
W , or more precisely its asymptotic leading part crosses a co-dimoension-one wall,
and this forces the generalized Euler index will jump by ±2 somewhere in the middle.
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2.2 Multiple Scalar Prototype: I vs. Ω
With more-than-one scalar multiplets, the quantity that controls the continuum con-
tributions and the potential wall-crossing behavior is the smallest possible asymptotic
value of (∂µW )
2. We will again concentrate on a prototype where this quantity is
finite, and see what should be done to deal with the continuum sector. Take n Xi’s,
collectively denoted by µ-component vector ~X, and a single P such that
W (P ; ~X) =
1
2
P ( ~X2 − ξ) , (2.21)
which leads to
∂PW =
( ~X2 − ξ)
2
, ∂µW = PXµ , (2.22)
and
∂P∂PW = 0 , ∂P∂µW = Xµ , ∂µ∂νW = Pδµν . (2.23)
The integral becomes, after rescaling the n+1 fields upon which ξ is effectively scaled
down to 0, by β1/4,
Ω =
1
(2pi)(n+1)/2
∫
dp dnx pn−1 ~x 2 e−(p
2~x 2+(~x 2/2)2)/2 , (2.24)
which already shows I = 0 for even n. For odd n, we have
Ω =
Vn−1Γ(n/2)
pi(n+1)/2
√
2
∫ ∞
0
d(r2/2) e−((r
2/2)2)/2 = 1 , (2.25)
where we integrated out p and the angular part of ~x first, which led to the angular
volume Vn−1 of a unit (n− 1)-sphere.
Note that, however, the anticipated index I differs from this Ω. If ξ > 0, the
vacuum manifold is an (n − 1)-dimensional sphere, Sˆn−1 defined by ~X2 = ξ and
P = 0, with the Euler index equal to 2. If ξ < 0, on the other hand, the vacuum
manifold is absent entirely, so the index should be zero. The above result, Ω = 1,
even though it is suggestively integral, does not really count the true ground states
for any value of ξ.
Again this misleading answer appears because the path integral can admit con-
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tributions from continuum sectors. In this prototype, even though the asymptotic
potential grows quadratically for generic direction, there is a valley of ~X = 0, where
the bosonic potential equals V (P ; ~X = 0) = ξ2/8 for any value of P . The twisted
partition function can be contaminated by continuum, suppressed as
∼ e−βξ2/8 . (2.26)
The suppression factor happens to 1 as β → 0, resulting in an integral Ω, which does
not equal the desired index I. The continuum sector conspires to contribute to Ω a
nonzero integer value on top of I, potentially causing much confusions. The above
small β computation, which would have been acceptable in more ideal circumstances
with fully discrete Hilbert space, cannot be trusted to distinguish the continuum
contribution from the true index.
Therefore, scaling away details of W is not wise; we should have kept the combi-
nation βξ2 finite until the very end of the computation. Instead of (2.24), therefore,
we are lead to consider
Ω =
Vn−1Γ(n/2)
pi(n+1)/2
√
2
∫ ∞
0
d(r2/2) e−((r
2/2−√βξ/2)2)/2 . (2.27)
The deviation of Ω from these integral values are of order ∼ e−βξ2/8 as expected. As
long as ξ 6= 0, the problem is Fredholm and we are allowed to take the βξ2 → ∞
limit while preserving the true ground state contributions, from which we find
I = lim
βξ2→∞
Ω =
{
2 ξ > 0
0 ξ < 0
, (2.28)
and the correct integral index emerges at the end of the process.
This behavior is reminiscent of an early confusion and the subsequent resolution [6]
with the localization for gauged quantum mechanics, with complex supersymmetries.
The localization naively claimed that the index is inert under the continuous change
of the FI constant ξ, which is a BRST trivial deformation, yet this was clearly at
odd with the well-known wall-crossing phenomena. As here, the resolution came
from the asymptotic flat direction with gap ∼ ξ2, which induces wall-crossing at
ξ = 0. With half and non-chiral supersymmetry we are considering, the would-be FI
constants are now part of the superpotential for real scalar multiplets, and yet still
lead to wall-crossing. This means that the wall-crossing now occurs quite generically
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for continuous deformations of the superpotential. The question is whether there
is a similar universal scheme for computing the integral index for non-chiral two-
supercharge problems at hand.
2.3 d = 1 Index Theorem
What we have seen so far tells us to keep the functional form of W intact in the
β → 0 limit. One easy way to achieve this is to redefine the bosonic zero modes
somewhat differently than the above,
β−1/2X → x (2.29)
after the integration over the fermions. Note that this is a dimensionless combination
in d = 1. Another advantage of this choice is that W need not be restricted to a
polynomial form; Any real and twice-differentiable W will do. This transforms (2.6)
into
Ω =
1
(2pi)N/2
∫
dNx det(∂µ∂νw(x)) e
−(∂µw(x))2/2 , (2.30)
with replacement
w(x) = W (X)
∣∣∣∣
X→x
(2.31)
Note that, in view of (2.29), this last replacement is possible only with some com-
plicated rescalings of parameters that go into the definition of W , much as in the
previous subsection but now including an overall multiplication.
One may view this a new definition of Ω. Of course, the point is that any such
rescaling is harmless as long as computation of I goes. This exponent is still propor-
tional to β, hidden in ∂µ, but the point is that we will take ∂µw as the new integration
variables and transfer all information, including the β dependence, to the integration
range information. In the end, the only relevant information, as far as the final index
I goes, would be whether or not the integration range includes the origin ∂w = 0
with what multiplicity.
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To be more explicit, one introduces new variables yµ = ∂µw(x) and finds
Ω = ΩY ≡
∫
Y
µ , (2.32)
µ =
1
(2pi)N/2
(
e−y
2
1/2dy1
)
∧
(
e−y
2
2/2dy2
)
∧ · · · ∧
(
e−y
2
N/2dyN
)
,
where all the nontrivial information is now transferred into the integration domain
Y = ∪∆Y∆ , Y∆ ≡ { ∂µw(x) | xµ ∈ ∆ ⊂ RN} , (2.33)
where each ∆ is defined so that RN = ∪∆ and each ∆ is a maximal domain in which
the map xµ → ∂µw(x) induces a unique orientation in the target Y∆ ⊂ R˜N from that
of RN . The integral over Y∆ will naturally encode this orientation via a ± sign.
The general ideas behind the index, and our treatment of the path integral so far,
say the following: (1) If the asymptotic flat directions are absent altogether, we will
find Ω count the number of ground states correctly and
I = ΩY (2.34)
by itself; (2) If there exists an asymptotic flat direction with a positive energy gap,
one will find deviation from I by an exponentially suppressed term, which can be
removed by a further scaling w(x)→ C ·w(x) by an arbitrarily large positive number
C
I = lim
C→+∞
ΩCY (2.35)
where CY is the scale-up version of Y by the factor C; (3) Finally, if there is an
asymptotic flat direction with no energy gap, Ω can be generally non-integral and
such continuum contributions cannot be removed within this straightforward path
integral setup by itself; more refined approaches need to be invoked.
The (Non-)Integrality
To show that these assertions indeed hold with (2.32), we start by noting that each
Gaussian integral produces ±√2pi/√2pi = ±1 if the range is over the entire real line.
Therefore, the integral there would be an integer if each Y∆ equals R˜N , up to the
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orientation. But of course the life is not that simple.
The claim that (2.35) will give an integer amounts to the assertion that,
CY = ∪∆CY∆ , CY∆ ≡ { C · ∂µw(x) | xµ ∈ ∆ ⊂ RN} (2.36)
asymptotes to a multiple cover of R˜N , after the orientation is taken into account, as
C → +∞. This will happen, clearly, if and only if all asymptotic flat directions, if
any, come with nonzero energy gap. It is clear that a gapped asymptotic flat direction
will create boundaries in some of Y∆, which however do not intersect the origin. As
such, the scaled version, CY∆, would push out such boundaries by the factor C. If
the origin is contained in any open subset of Y∆, CY∆ would expand and fill the entire
R˜N , so that
lim
C→∞
∫
CY∆
µ =
∫
±R˜N
µ = ±1 . (2.37)
If the origin lies outside of Y∆, CY∆ would be pushed out to the asymptotic region,
so that
lim
C→∞
∫
CY∆
µ = 0 . (2.38)
This leads to
lim
C→∞
∫
CY
µ = lim
C→∞
∑
∆
∫
CY∆
µ ∈ Z , (2.39)
which should equal the index I. This confirms (2) above, and thus the index formula
(2.35).
Boundaries of individual Y∆ could come either from the asymptotic behavior of
w(x) or due to a linear combination of ∂µw(x) bouncing at finite values of x, where
one necessarily expect 0 = det(∂∂w). So far, we overlooked the latter boundaries but
as long as such a boundary does not meet the origin, i.e., 0 = (∂w)2, the scaling by C
will remove it as well. What happens if such a boundary happens to meet the origin
of R˜N? One easy way to see how boundaries of Y∆’s at finite x are irrelevant for the
ground state counting is the following: Since we are really after the integer quantity I,
rather than Ω, and since the former is robust under a “small” deformation of W (X),
one can easily deform w(x) such that the troublesome boundary is shifted slightly
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away from the origin, y = 0, while maintaining the boundaries due to ~x 2 → ∞
intact. This will of course affect both of Y∆’s in question but in such a manner that
the integral part I is unaffected. Afterward we are free to scale the deformed w by
C and obtain I via (2.35).
By the same token, we see how the integrality can fail for (3). If there is a gapless
asymptotic direction, this means
(~∂w)2 → 0 , (2.40)
along some asymptotic direction, ~x 2 → ∞. This allows a boundary of some Y∆ to
meet the origin, which can, generically, neither fill R˜N nor be pushed out to infinity
by a simple overall scaling by C. Invoking a perturbation of W at such a place can
lift the problematic direction in principle but produces multiple different outcomes
for I. In fact, the wall-crossing happens precisely because different deformations that
lift such gapless flat directions generally lead to different integral indices.
Finally we need to show the integrality of Ω itself for the case (1), where there is
no asymptotic flat direction at all. This condition implies
(~∂w)2 → ∞ as ~x 2 → ∞ , (2.41)
for all possible directions ~x. The integrality would follow immediately if Y , after
possible cancelation between Y∆’s due to mutually opposite orientations, is itself a
multiple-cover of R˜N . Since a boundary of each component can come only from finite
x, there should be necessarily a pair, say Y∆1 and Y∆2 meeting at such a boundary.
These pairs, by definition, overlap in R˜N with mutually opposite orientations. The
two can then be combined to a third domain Y∆3 in R˜N . If the latter has a boundary
from finite x, we then find another adjacent and canceling domain Y∆4 , and so on. In
the end, all boundaries originating from finite x will effectively disappear. Since those
from the asymptotic x, ~x 2 → ∞ are absent to begin with, Y has to be a multiple
cover R˜N and Ω has to be integral and thus equal to I, resulting in (2.34).
Back to the Examples
Let’s redo the two examples we started with, using this language. If one starts with
N = 1 with k-th order polynomial w(x), we will generically have k− 1 ∆’s and Y∆’s,
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divided by 0 = w′′(x). Ordered by the natural ordering of the real line x, each pair
of adjacent Y∆’s comes with mutually opposite orientations, so cancels out partially.
For instance, w(x) = x3/3 gives y = x2, with R = ∆− ∪ ∆+ and ∆± = ±(0,±∞)
where the sign ± in front denotes the orientation. Mapping to y variables, this gives
Y∆± = ±(0,+∞) , (2.42)
which cancel each other. Proceeding similarly for arbitrary power k, one can show
easily that
Y = sgn(ck) R˜ for even k ; Y = ∅ for odd k (2.43)
with the orientation for the former, fixed by the sign of the coefficient ck of x
k. Hence
I = sgn(ck) for even k ≥ 2 and 0 otherwise.
For the multi-scalar prototype above, the map
yp = (~x
2 − ξ)/2 , yi = pxi , (2.44)
admits two ∆’s such that
∆1 = −[0,−∞)p × Rnx , Y∆1 = −[−ξ/2,+∞)× (−1)nR˜n ,
∆2 = [0,+∞)p × Rnx , Y∆2 = [−ξ/2,+∞)× R˜n . (2.45)
For even n, the two Y∆’s cancel out each other precisely. For odd n, the two scaled-up
domains,
CY∆1 = CY∆2 = [−Cξ/2,+∞)× R˜n → R˜n+1 as C → +∞ , (2.46)
contribute 1 each for ξ > 0, again resulting in I = 2. For ξ < 0, I = 0 because the
two domains are pushed out to infinity under the C scaling.
2.4 Alternatives for Integral Ω = I
When the twisted partition function Ω actually equals I and thus integral, there
are several alternative forms of this index (2.32) under additional assumptions, well
known in the relevant literatures. In particular, the Morse theory [12] is a direct
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consequence of (2.32), while the winding number interpretation will later prove to be
very useful for polynomial W . Both of these alternatives rely on generic form of the
superpotential, which could fail if certain global symmetries are imposed. For the
latter, the Lefschetz fixed point theorem comes to the rescue as usual, however.
The Winding Number Interpretation
The integration formula (2.32) counts in the end how many times the map X → dW
covers R˜N , with the orientation taken into account. Recall that Ω = I is guaranteed if
|dW |2 →∞ along all asymptotic directions in the X space. Suppose further that the
superpotential and its derivatives are regular everywhere at finite X. The continuity
of the map then implies that Ω = I can be also counted by the winding number of
the map,
~ϕR(Xˆ) ≡
~∂W (X)
|~∂W (X)|
∣∣∣∣
X=RXˆ
(2.47)
with |Xˆ| = 1, from SN−1 to SˆN−1, which is well-defined for sufficiently large R. More
explicitly, we have
I ·
∫
SˆN−1
Vˆ =
∫
SN−1
ϕ∗RVˆ (2.48)
at some large R, where Vˆ is the volume form of SˆN−1 and ϕ∗R is the pull-back.
While this is not a very practical form, e.g., for numerical computation, it offers
an ultraviolet perspective, opposite of the Morse theory interpretation below, and
instructs us that the asymptotic W suffices for the enumerative I = Ω. This also
implies, as we study in the next subsection, that the codimension-one wall-crossing
is also controlled entirely by the asymptotic form of W .
For instance, suppose N is odd and W (−X) = −W (X). For such cases, (2.30)
immediately implies I = 0 identically; the Pfaffian contribution flips the sign under
X → −X, so the integral is odd under the parity. Note that the same vanishing
theorem manifests in (2.48) in how ϕ∗V contributions cancel between the antipodal
points pairwise for odd N . On the other hand, (2.48) does not depend on details of
W at finite X. Only the asymptotic part matters. Therefore, for odd N , whenever
one can identify an approximate W asymp, such that W asymp(−X) = −W asymp(X) and
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that
W asymp −W
W
→ 0 as |X| → ∞ (2.49)
along all directions, we may conclude
IW = 0 , (2.50)
regardless of details of W at finite X region.
One obvious example of this phenomenon occurs when the superpotential has a
polynomial form. Suppose that the superpotential starts with the leading power p+1,
W (X) = W (p+1)(X) + · · · . (2.51)
We can say immediately that, with odd N , I computed from (2.48) is identically zero
if p + 1 is also odd, whenever the homogeneous W (p+1)(X) is nondegenerate. The
latter is in turn guaranteed by the genericity of the superpotential in the absence
of global symmetries. When a global symmetry exists, on the other hand, we may
resort to a Lefschetz fixed point theorem outlined below.
The Morse Theory Interpretation
Looking at (2.32), or more precisely at its C-scaled version (2.35), one realizes that it
also counts the critical points of the superpotential, dW = 0, provided that the latter
are all isolated and nondegenerate. As we scale up W (x) by a large multiplicative
factor C, the integral is localized to its critical points, dW (x∗) = 0, in the ~x space.
The Gaussian integral over a single ∆ domain would converge to (−1)γ(x∗) where
γ(x∗) is the so-called Morse index [12] of x∗, i.e., the number of negative eigenvalues
of the Hessian ∂µ∂νW (x∗). Each Gaussian integral gives ±1, depending on whether
the relevant range is (−∞,∞) or (∞,−∞), and the combined sign at each x∗ is
dictated by the sign of the determinant of the Hessian.
Naturally, if critical points of W are discrete and nondegenerate and all distributed
over a closed subregion of R˜N , we find
I = lim
C→∞
ΩCY =
∑
x∗
(−1)γ(x∗) . (2.52)
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Here again we can see that for odd N , W (X) = W asymp(X)+· · · with odd W asymp(X)
in the sense of (2.49) leads to IW = 0. Consider W1(X) = −W (X) and W2(X) =
W (−X). If x∗ is a critical point of W , it is also a critical point of W1 and vice versa,
and −x∗ is obviously a critical point of W2. The sign of the Hessian for W1 at x∗ and
that of W2 at −x∗ have the sign (−1)N and (−1)2N relative to that of W at x∗, point
by point, which give
IW2 = IW = −IW1
for odd N . On the other hand, W1 and W2 share a common leading asymptotic form
W asymp1 (X) = W
asymp
2 (X) = −W asymp(X), for odd W asymp, so should have the same
index IW1 = IW2 whenever W asymp(X) is nondegenerate. Therefore we find again
that
IW = 0
outside codimension-one walls, where W asymp(x) is degenerate, in the parameter space
of W , bringing us back to (2.50).
The Lefschetz Fixed Point Theorem
When the theory admits a global symmetry, the index theorem can be substantially
simplified into a form of the Lefschetz fixed point theorem [10]. Introducing external
vector multiplets Ai that couple to such global symmetries, the zero modes thereof,
ai, enter the Hamiltonian, schematically, as follows:
H → H(a) = H + · · ·+ a0F , (2.53)
where F is the global symmetry charge. The ellipsis denotes complex mass terms due
to a1,2 while the combination βa0 will play the role of the chemical potential.
In turn, F will have the form
−F = LF + fermion bilinear , (2.54)
where LF rotates the bosonic variables. When we proceed with the Heat kernel
expansion the latter has the effect of
〈X | e−βH(a) |X 〉 = 〈X | e−β(H(a)+a0LF ) |X(βa0) 〉 , (2.55)
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where X(βa0) = e
βa0LFX.
As we expand in small β, as in previous section, this shift creates a term in
the exponent of type (X(βa0) − X)2/β, from (2.7), which in turn translates to ∼
(βa0LF [X])2/β unless a0 becomes as large as 1/β. Thus, the rotation by small but
finite βa0 makes fields that rotate under F arbitrarily massive. Since the bosonic
and the fermionic degrees of freedom match precisely, their contributions cancel out,
leaving behind the invariant loci only. In the end, one merely collect the field content
that spans the invariant locus and use (2.32) for this subsystem.
If the dynamics has no asymptotic flat directions, the usual topological robustness
of index ensures that the addition of this mass term will not affect the outcome I = Ω.
As such, the index theorem further reduces to a sum of smaller index problems, each
of which is defined over the common invariant loci of all global symmetries. Labeling
these loci by l, we find
Ω =
∑
l
Ω(l) , (2.56)
where Ω(l) is the Euler index of the locus l.
In particular, it is worthwhile to note that the “flavor chemical potential” a0 does
not appear anywhere in the final expression. This is in a stark contrast against the
localization computation with complex supersymmetries in recent literatures. This
appears to be related to the fact that with our minimal supersymmetry there is no R-
symmetry chemical potential available. Indeed for many of existing twisted partition
functions with larger supersymmetries, such as the (2, 2) elliptic genus and the refined
index for N = 4 quantum mechanics, the dependence on flavor chemical potentials
tends to disappear altogether as one takes the limit of the vanishing R-charge chemical
potential.
When asymptotic and gapped flat directions are present in the original problem
but entirely lifted by this mass deformation, (2.32) will naturally compute the desired
index I instead of Ω. If such a lift is not quite complete, (2.32) will again compute
some Ω, from which reading off I is again a matter of scaling W by a large positive
number. If there are gapless asymptotic flat directions in the original problem, the
resulting Ω computed by our fixed point theorem needs to be treated more carefully;
for one thing, the original theory might be sitting at a wall of marginal stability, in
which case the mass deformation of this kind may not be very innocuous.
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Again with the multi-scalar prototype of the previous subsection, even n admits
n/2 SO(2)’s that rotate X’s pairwise, say X1 and X2, X3 and X4, etc. The invariant
locus is ~X = 0, where det(∂∂W ) = 0. Once the path integral localizes to such a
locus, Ω vanishes, and so we find I = 0 as well. For odd n, (n− 1)/2 SO(2) rotation
kills all X’s but the last: Hence the computation reduces, effectively, to n = 1, and
we again find I = 2 in the end.
A word of caution is needed here. Although the Lefschetz fixed point theorem is
applicable to theories with compact dynamics, one also encounters examples where
the dynamics prior to turning on the chemical potential and the real mass is not com-
pact while, thereafter, it becomes compact. In such situation, the index computed
via the fixed point theorems will be integral, yet it is not obvious what it computes.
In many localization computations with larger supersymmetries, the chemical poten-
tials do survive in the final form of the twisted partition functions, yet one usually
encounters a pole at the a = 0 limit, giving us an ample warning in interpreting such
results. For the generalized Euler index of ours, such poles are absent since a itself
disappears in the end; it remains to be seen if this independence implies no adverse
contamination of I by such localizing masses or merely misleading results.
2.5 Wall-Crossing
The wall-crossing phenomenon, familiar from N = 4 gauged quantum mechanics,
is discontinuity of the (refined) index which occurs as one continuously changes FI
constants. With the current d = 1 N = 2 real supersymmetries, the auxiliary D field
of the d = 1 N = 4 vector multiplet now becomes an auxiliary and real F field of the
real scalar multiplet. This means that the wall-crossing would be ubiquitous in d = 1
N = 2 theories, as one deforms the superpotential, with or without the gauge sector.
Here we wish to characterize the wall-crossing phenomena in the absence of the gauge
sector, in terms of the superpotential W . We will find that the basic path-integral
form (2.32) for Ω and the winding number interpretation (2.48) are most useful for
understanding the wall-crossing in this reduced setting.
On the other hand, the topological robustness of the index must still hold; as
such the index should remain piecewise constant in the space of the superpotential
and can change only when we change the asymptotics of W qualitatively. We will
mostly work with a polynomial form of W , and characterise how the primary wall-
crossing happens even while we deform the leading homogeneous part, call it W (p+1),
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not necessarily changing the power. This is different from N = 4 Landau-Ginzburg
theories where the leading power of the holomorphic W fixes the index once and for
all.
The simplest example of wall-crossing occurs with the quadratic W . Suppose we
have
W (X) =
1
2
∑
µ,ν
mµνX
µXν . (2.57)
If m is non-singular, the superpotential admits a single critical point ~X = 0, and
as such one immediately learns that |I| = 1. While the sign of I is in principle
ambiguous for a given theory due to the same ambiguity with (−1)F , the relative sign
of I between a pair of theories that can be continuously connected is not ambiguous.
It is clear that the sign of I is dictated by the fermionic Pfaffian, or in this case
the determinant of m, so that#2
I = sgn(det(m)) . (2.58)
As is clear from the index formula (2.32), the wall-crossing here is from how the map
Xµ → mµνXµ (2.59)
reverses the orientation as one crosses codimension-one wall det(m) = 0 in the space
of the mass matrix. at a point where exactly one eigenvalue of m vanishes. At such
m, the superpotential becomes degenerate and a flat and gapless asymptotic direction
opens up, pushing the vacuum to infinity. In this simple prototype, one can see that
a vacuum is pushed out to infinity as one approaches such a wall, while on the other
side of the wall a different vacuum with the opposite chirality moves in from the
infinity. If one jumps across two such walls, the two wall-crossing would cancel each
other. Therefore, the wall-crossing in this simple toy model is such that det(m) = 0
divides the parameter space into two regions, each consisting of many disconnected
wedges, for which I = 1 or I = −1.
#2We have in effect fixed the would-be ambiguous sign convention for (−1)F , in favor of this sign
choice, and will follow the same convention throughout this note.
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What happens if we allow subleading linear terms? With
W (X) =
1
2
∑
µ,ν
mµνX
µXν +
∑
µ
kµX
µ , (2.60)
what changes qualitatively for wall-crossing? When det(m) 6= 0 the asymptotics are
dominated entirely by mµν , so linear terms do little. To see what happens at the wall
det(m) = 0, we diagonalize the quadratic term and re-label the fields
W (X, Y ) =
1
2
(m1(X1)
2 +m2(X2)
2) + k1X1 + k2X2 , (2.61)
so that the vacuum conditions are
m1X1 + k1 = 0 , m2X2 + k2 = 0 . (2.62)
When one of the eigenvalues vanishes, say m2 = 0, the vacuum again runs off to
infinity, X2 = −k2/m2 → ∞. Note that this could not be seen clearly if we sat
at m2 = 0; one sees only that no finite vacuum exists. If k’s were absent, this
runaway vacuum phenomenon would have been manifested as a flat gapless direction.
However, with or without k’s the end result for I is the same: A wall appears when
the leading quadratic terms become degenerate, and a codimension-one wall-crossing
occurs across such a wall.
This simple pattern is really a universal feature of codimension-one wall-crossings
for polynomial W . Consider
W (X) = W (p+1)(X) +W (p)(X) + · · · ,
W (q)(X) =
∑
∑
nI=q
C(q)n1···nNX
n1
1 · · ·XnNN , (2.63)
with coefficients C’s assumed to be generic. Since a flat gapless asymptotic direction
or a runaway vacuum is necessary, the wall-crossing is possible if and only if the
leading homogeneous W (p+1)(X) admits a nonzero critical point. Due to the scaling
W (p+1)(λX) = λp+1W (p+1)(X), a nonzero solution to 0 = ~∂ W (p+1)(X) generates an
R’s worth of vacua of W (p+1)(X). This means that a codimension-one wall-crossing
occurs precisely at parameters where W (p+1)(X) becomes degenerate, or in other
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words, when
dW (p+1) = 0 (2.64)
admits a straight line of solutions passing through the origin and extending out
to the asymptotic region. Note that the homogeneity implies W (p+1) = 0 as well.
When we take into account subleading terms, the same codimension-one condition
can instead translate to a vacuum that runs away to infinity, and the location of these
codimension-one walls are not affected by such subleading terms in W .
It is important to note here that the codimension-one walls defined by the leading
power W (p+1) of W are invariant under the overall scaling, such that the homoge-
neous rescaling of the coefficients, power by power, does not change the index. This
observation is important since we performed scalings of coefficients in W , different
for different powers of X’s, to reach at w with the same functional form as W . Under
such power-dependent scalings of coefficients, no wall-crossing happens as long as the
leading power remains non-degenerate in the above sense. This justifies the main
result of this Section, (2.32), despite potential wall-crossing threats.
Recall that, away from the codimension-one walls, the index I is also entirely
determined by the asymptotic superpotential, W (p+1), as is obvious from the winding
number interpretation (2.48). Sometimes, this by itself produces indices and wall-
crossing rather quickly. For example, consider theories with two scalar multiplets,
starting with a cubic model,
W (3) = Re
(
A0Φ
3 + A1Φ
2Φ¯
)
, (2.65)
with Φ = (X1 + iX2)/
√
2 and complex numbers A0 and A1. The effective number of
times dW (3) covers R˜2 equals the winding number of
(∂1 + i∂2)W
(3) = 3A¯0Φ¯
2 + 2A¯1ΦΦ¯ + A1Φ
2 , (2.66)
which says immediately that the absolute value of the winding number cannot exceed
2, although the number of critical points can be as many as 4. With Φ → Reiφ and
φ1 the phase angle of A1,
(∂1 + i∂2)W
(3) → R2 [3A¯0e−2iφ + A¯1(2 + e2iφ+2iφ1)] . (2.67)
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|A0|  |A1| results in I = −2 while I = 0 when |A0|  |A1|. I = 2 is not allowed
as the first term in the round parenthesis always dominates over the second.#3 One
can generalize this to higher order polynomials,
W (p+1) = Re
(
A0Φ
p+1 + A1Φ
pΦ¯ + · · ·+ Ab(p+1)/2cΦp+1−b(p+1)/2cΦ¯b(p+1)/2c
)
. (2.68)
The same reasoning as above tells us that the possible values of the index in the
domains separated by codimension-one walls are
I = −p,−p+ 2, . . . ,−p+ 2b(p+ 1)/2c , (2.69)
up to a convention-dependent overall sign. Note that the absolute value of the index,
|I|, is bounded above by p which is the value in the holomorphic limit, Ak>0 = 0.
Note that, in contrast, the maximum number of non-degenerate critical points for
real W (p+1) + · · · is a much larger value p2.
What happens when we extend these to a larger number of matter multiplets?
For odd N , two general features one can find are that I = 0 for odd p+ 1, as already
shown in the Section 2.4, and that, for even p+ 1,
I = −2k + 1,−2k + 3, · · · , 2k − 3, 2k − 1 , (2.70)
for some integer k > 0. For p+1 = 2, one can see k = 1 either from the Morse counting
or from the winding; e.g., the map X → dW (2) is linear, so can have at most ±1
winding number, immediately leading us to I = ±1. The sign-symmetric nature
can be argued easily by considering W (p+1) and −W (p+1) pairwise. For even N , no
systematic feature appears; for example, the upper bound on |I| is no longer set by the
holomorphic limit for even N . Leaving aside all such complicated patterns, however,
the wall-crossing pattern itself appears to be very simple: For each codimension-
#3 The same can be seen from the Morse counting with, after an additive shift of X,
W (X1, X2) =
1
3
f(X1)
3 + gX1(X2)
2 +
1
3
h(X2)
3 + · · · .
More explicitly, the codimension-one walls are at f = 0 and h2f + 4g3 = 0 such that
I = −2 0 < h2f < −4g3 or − 4g3 < h2f < 0 ,
I = 0 0 < −4g3 < h2f or h2f < −4g3 < 0 .
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one wall, dictated by the coefficients of the leading power of the polynomial W , the
general pattern of the wall-crossing is very simple with
∆I = ±2 , (2.71)
which generalizes (2.20) for a single scalar multiplet or the pattern seen in (2.69)
of the two scalar multiplet theories. Generically, a Morse vacuum moves off to the
asymptotic infinity, only to return on the other side of the wall with the opposite
chirality.
Although we confined our attention to codimension-one walls of marginal sta-
bility, it is not difficult to see that there can be more complicated patterns of the
index when one sits at a codimension-one wall, however. The leading W (p+1) be-
comes degenerate at such a wall, meaning that for some asymptotic directions, the
subleading pieces W (q≤p) can now alter the asymptotic behavior qualitatively. In
other words, when W (p+1) sits on a codimension-one wall, ~∂W (p+1) passes through
the origin such that small “subleading” corrections can alter the winding number
qualitatively. This means that there are actually a nested network of marginal sta-
bility walls. In this note, however, we will not consider such possibilities. When we
lift the situation to d = 3 minimally supersymmetric theories, for example, there is
no non-renormalization theorem that protects the superpotential, so a fine-tuning of
W does not make much sense. At least physically there seems to be no reason for a
theory to sit on such a tightly constrained place in the parameter space.
2.6 Uplifts to d = 2, 3
What happens if we try to extend the computation here straightforwardly to higher
dimensions? One should start by putting d dimensional theory on Td torus. The
supersymmetry content matches two real fermions for one real boson, so that the de-
terminants of massive sector cancel precisely due to supersymmetry regardless of the
spacetime dimensions. This precise cancelation is further reinforced by the absence
of R-charge that commutes with a supercharge, and as such the Kaluza-Klein modes
cancel out precisely. This means that, as long as we consider massive theories with
no continuum of classical supersymmetric vacua, our computation and the index the-
orem are applied to higher d = 2, 3 verbatim. On the other hand, if one starts with
d = 3 theory with continuum of vacua, the Witten index is ill-defined to begin with,
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so only upon some massive deformations that can lift such continua one can discuss
the Witten index. For such theories, again our d = 1 approach will work verbatim
once the theory is put on T3.
Since the wall-crossing phenomenon arises from the asymptotic flat directions in
the matter sector, the wall-crossing uplifts straightforwardly to higher dimensions as
well. This should be contrasted to the more familiar wall-crossing of d = 1 N = 4
theories, which is essentially a Coulomb phase physics and does not uplift to d > 1.
So, again assuming that we deal with massive theories, our discussion of the wall-
crossing will apply straightforwardly to d = 2 N = (1, 1) theories and to d = 3 N = 1
theories. In fact, the wall-crossing has been observed directly for some d = 3 N = 1
theories [23].
New ingredients that distinguish different spacetime dimensions will manifest once
we consider gauge theories: The main differences arise from the would-be zero modes
associated with the gauge fields, namely the gauge holonomies. In next two Sections,
we will explore the smallest of gauged dynamics in d = 1 and d = 3 settings, which will
give us some further understanding of how vacuum counting in these two different
spacetime dimensions share some common features and how they differ from each
other. In the end, we will find index formulae for d = 1 N = 2 SO(2) theories and
for d = 3 N = 1 SO(2) gauge theories, which are not that different from (2.32) at
least in spirit.
3 d = 1 N = 2 Abelian Gauge Theories
Gauging requires further steps. For the same reason as the scalar multiplet theories,
the massive modes cancel out precisely in the path integral. The zero mode is another
matter. The gauge zero modes ai’s should be integrated over, and so are their partner
gaugini, which alter the procedure qualitatively. Also the trace over the Hilbert space
must be done for the gauge invariant states only, so we include the projection operator
PG
Tr (−1)Fe−βHPG , (3.1)
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where the projection operator is given by
PG = 1
vol(G)
∫
G
dgΘ eiΘ·G , (3.2)
with the Gauss constraint G and g = dim(G). This results in the normalization of
the measure for the time-like gauge zero modes, ∼ Θ/β, that is a little different from
its space-like counterpart, as we see below.
In particular, while the standard β → 0 scaling seemingly reduces Θ into Rg-
valued, replaced by a gauge-field along the time direction, its periodic nature must
not be forgotten. How this periodic origin should enter the index quantitatively has
been only very recently understood [18, 19], surprisingly enough. We will outline it
in the next subsection and encounter it repeatedly in the rest of this note. The same
observation will play an essential role when we uplift the story to d = 3 later, where
we will compute d = 3 Witten index from a d = 1 perspective.
Another issue for gauge theories is the potentially flat asymptotic direction along
the Coulomb phase. Such new flat gapless directions can potentially complicate the
problem further in two essential ways. The first is how Ω could generically become
non-integral due to the continuum contribution; the second is potential additional
wall-crossing if such flat gapless directions appear during a continuous deformation.
We will encounter some of these issues with concrete examples below. However, it
is worthwhile to note that the connection to d = 3 N = 1 theories mitigates some
of these complications. One unexpected result is that Ω of a d = 1 theory obtained
from dimensional reduction of d = 3 N = 1 theory does not actually experience wall-
crossing due to asymptotically gapless Coulomb directions, contrary to the general
wisdom.
The first problem of non-integral value of Ω persists, on the other hand. In par-
ticular we will find that Ω in such theories is a multiple of 1/2 in all examples we
discuss. In strict d = 1 problems, computing I in such situations is not straightfor-
ward. With larger supersymmetries, the continuum part of such non-integral results
have been studied rather generally in recent years and in some cases classified and
understood to the extent that the extraction of I is possible [17]. For the current
problems, we do not have such a machinery. On the other hand, when we move on
to d = 3 Chern-Simons theories, where as noted above there are no longer Coulombic
continuum, this non-integral contribution will be a seed to a very well-known inter-
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pretation as the half-integral shift of the Chern-Simons level due to massive charged
fermions. We come back to this in Section 4.
3.1 Ω for Gauge Theories and Holonomy Saddles
The analog of (2.6) for gauge theories is, at least naively,
lim
β→0+
βN/2+g
(2pi)N/2+gvol(G)
∫
dNXd3gu Pf(M(X,u)) e−βVbosonic(X,u) , (3.3)
where N is the number of real scalar multiplets and u denotes collectively the 3g
number of constant bosonic modes from the vector multiplet. According to the con-
vention to count real multiplets, Nf matters charged to the SO(2) gauge group and
dim(S) singlets lead to N = 2Nf + dim(S). The prefactor of the integrand arises
from the fermionic zero-mode integral of N + g copies of the fermion bilinear; It is
the Pfaffian of a rank 2(N + g) matrix
M(X,u) =
 uri (T adjr )pq( · σi)ab (TqX)νac
(XT †p )µdb ∂µ∂νWdc + u
r
i (Tr)µν( · σi)dc
 , (3.4)
where Tp is the representation of the Lie Algebra of G on X’s, and T adjr the adjoint
representation. Note that in addition to the spatial zero modes u1,2, its time-like
counterpart arises as u0 ≡ Θ/β, which means that on the right hand side of (3.3) the
integration over Θ is now converted to a vanishingly small neighborhood of Θ = 0.
This is a somewhat trivial example of the holonomy saddle, to which we come back
below.
For now, let us see how the factor β can be removed from the expression. The
bosonic potential has three types of terms, ∼ (∂W )2, ∼ u2X2, and ∼ u4. Unless
W is purely cubic there is no scaling of variables that remove the overall factor β
cleanly from the exponent. However, since W itself can be scaled without affecting
the genuine index I, we may as well introduce
X ← β1/4X , u← β1/4u , (3.5)
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and in addition scale β3/4W → W˜ , so that
∂W˜ ← β1/2∂W (3.6)
is kept finite as a function of β-rescaled X. This in particular demands appropriate
scalings of coefficients in W . Only if W is purely cubic in X, no separate scaling of
W is necessary. As we have already noted for matter-only theories, however, such
scaling is harmless away from codimension-one walls of marginal stability.
In terms of the newly rescaled quantities, we have
M = β−1/4M˜ , (3.7)
where M˜ denotes the same matrix but with the rescaled X’s and u in places of the
original X’s and u and with W˜ in place of W . Hence we have
Pf(M) = β−(N+g)/4Pf(M˜) , (3.8)
which cancels the factor of β left over after absorbing β1/4’s to the integral variables
βN/2+g
∫
dNXd3gu → β(N+g)/4
∫
dNXd3gu (3.9)
precisely. Therefore, we find
1
(2pi)N/2+gvol(G)
∫
dNXd3gu Pf(M˜) e−V˜bosonic(X,u) , (3.10)
which brings the path integral to a finite-dimensional one. Throughout this note,
when the integral involves no factor of β explicitly, the variable should be understood
as those rescaled.
Most generally, however, there could be further additive contributions to Ω, similar
to (3.3) but from the expansion of the gauge variables of type Θ = Θ∗ + βu0 where
eiΘ∗·G 6= 1. One thus finds a sum over Θ∗’s,
Ω =
∑
Θ∗
dHZH . (3.11)
where ZH is the partition function of the low-lying theory H at Θ∗, analogous to the
right hand side of (3.10) but for a different theory H, while the factor dH is from
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integrating out heavy modes of masses ∼ 1/β. Each such Θ∗ contribution arises from
a vanishingly small local neighborhood around Θ∗ in the small β limit, and (3.10) is
merely one such at Θ∗ = 0.
The criterion for the contributing Θ∗ is that the low energy theory H there has
nonzero partition function ZH . This in turn requires that the light sector sitting at
such a point Θ∗ admits no decoupled fermions [18]. For example, one obvious class
of Θ’s which cannot be a contributing saddle are those holonomies where the light
theory H has a decoupled Abelian gauge sector; the resulting free gaugini which kill
any reasonable form of the partition function Z there in small β limit. At generic Θ,
all charged field content tends to acquire a heavy mass of order Θ/β, leaving behind
the free Cartan sector, which suffices to tell us that the contributing Θ∗ would occur
at most discretely.
Such pairs (Θ∗, H) have been dubbed the holonomy saddles in the context of
supersymmetric gauged quantum mechanics [18] as well as for various partition func-
tions of supersymmetric gauge theories in higher dimensions [19]. Although this
phenomenon persists in all spacetime dimensions, it takes a particularly simple form
for d = 1. In the latter dH reduces to a numerical factor whereas, in higher spacetime
dimensions, it can carry further nontrivial physics such as the Cardy exponent [19,20].
A simplest example of the non-trivial holonomy saddles can be found with an
SO(2) theory with both unit-charged and double-charged matter multiplets. Θ∗ = 0
is the naive saddle where the theory H has the same field content as the original
theory. The other holonomy saddle sits at Θ∗ = pi, where the H theory is again an
SO(2) theory but with double-charged matter only, and dH would be from integrating
out the unit-charged matter. For other values of Θ, the would-be H-theory consists
of a pure SO(2) gauge theory, whose ZH vanishes identically due to the decoupled
gaugino. Thus the holonomy saddles of this simple theory consist of Θ∗ = 0 and
Θ∗ = pi. Likewise, if an SO(2) theory admits a charge q scalar multiplet, we will find
holonomy saddles at Θ∗ = 2pin/|q| for n = 0, 1, · · · , |q| − 1.
Another special class of holonomy saddles is when one finds Θ∗ 6= 0 but eiΘ∗·G acts
on the entire field content trivially. Each such saddle contributes the same amount as
the canonical Θ∗ = 0 saddle in (3.3). The net effect of these can be incorporated as
a numerical multiplicative factor in front of expressions like (3.3). Alternatively, the
same effect is achieved by using the version of G divided by the subgroup defined by
a collection of such mutually equivalent holonomies. For such theories in d = 1, the
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net effect of these can be achieved by resorting to (3.3) but taking care to choose G
in (3.3) to be “minimal” by modding out by any discrete subgroup that acts trivially
on the field content. For instance, if charged matter X is absent, G would be the one
divided by the center. For d > 1, however, such shortcut is no longer valid because
the multiplicity of such holonomy saddles depends on spacetime dimension. As such,
we must honestly evaluate the sum (3.11).
3.2 A Prototype: SO(2) with Massive Charged Matters
As a prototype, let us consider a simple SO(2) theory, now with Nf massive real
two-component charged scalars ~XI = (XI(1), XI(2)) rotating in a pair, with charge
qI under the SO(2), or equivalently qI-charged Nf complex scalar multiplets ΦI =
(XI(1) + iXI(2))/
√
2. Let us take the superpotential,
W =
1
2
Nf∑
I=1
mI | ~XI |2 , (3.12)
The β-scaled bosonic potential and Pfaffian are given by
V˜bosonic =
Nf∑
I=1
1
2
(
m2I + q
2
Iu
2
) |~xI |2, (3.13)
Pf(M˜) =
Nf∑
I=1
 Nf∏
J 6=I
(
m2J + q
2
Ju
2
) mIq2I |~xI |2. (3.14)
Although this example can be integrated straightforwardly, we take an alternate route
that will be useful for generalizing to more general field content and the superpoten-
tial.
Let us define
~yI =
√
m2I + q
2
Iu
2 · ~xI , (3.15)
whereby the bosonic potential is completely written as the sum of their squares. With
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the accompanying Jacobian
Nf∏
I=1
(
m2I + q
2
Iu
2
)−1
, (3.16)
we arrive at
ΩΘ∗=0 =
1
(2pi)Nf+2
∫
d3u
Nf∑
I=1
mIq
2
I
(m2I + q
2
Iu
2)
2
∫
d2Nfy |~yI |2e−
∑Nf
J=1
1
2
|~yJ |2 , (3.17)
where the matter sector and the gauge sector become factorized. The universal gauge
sector, parameterized by variables u, gives∫
R3
d3u
mIq
2
I
(m2I + q
2
Iu
2)
2 = pi
2 mI
|mI |
1
|qI | , (3.18)
so that we end up with
ΩΘ∗=0 =
1
2
Nf∑
I=1
mI
|mI |
1
|qI | . (3.19)
This simple trick needs to be refined for more general theories, but this suffices as an
illustration for now.
With |qI | > 1, the holonomy saddles enter the story, which is why we labeled the
above by Θ∗ = 0. The additional saddles appear at Θl = 2pil|qI | for l = 1, . . . , |qI | − 1,
since the holonomy saddles are given by{
0 ≤ Θl < 2pi | ∃ I s.t. |qI |Θl
2pi
∈ Z
}
. (3.20)
At the saddle Θl, only the matters whose charge satisfies a condition |qI |Θl ∈ 2piZ
contribute to the partition function. Thus, the contribution from Θl is
ΩΘl =
1
2
Nf∑
I=1
δ |qI |Θl
2pi
mI
|mI |
1
|qI | , (3.21)
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where δ |qI |Θl
2pi
is defined by
δ |qI |Θl
2pi
=
{
1 , |qI |Θl ∈ 2piZ ,
0 , else .
(3.22)
It satisfies the following condition∑
l
δ |qI |Θl
2pi
= |qI | , (3.23)
because each matter multiplet appears |qI | times over the entire holonomy saddles.
Therefore, the total twisted partition function is given by
Ω =
∑
l
dlΩ
Θl =
1
2
Nf∑
I=1
sgn(mI) . (3.24)
Although the holonomy saddles are not all equivalent if qI 6= qJ for some pairs, the
end result is merely to multiply |qI | to 1/|qI | for each summand in (3.19).
The result in (3.24) by itself is not acceptable as the Witten index I of the d = 1
theory; these fractional answer appears because of the three flat u directions with
Egap = 0, sitting at ~X = 0. Note that, however, the answer is an integer multiple of
1/2, so it cannot be some random continuum contribution either. In the final section
we will make sense of it in the context of d = 3 theories.
3.3 Gaussian Reduction
Recall how the index for matter-only theories reduces to a pure Gaussian integral
in the space of ∂W (x), which can be, under a suitable condition on the asymptotic
data, expressed either as the winding number of the map x → ∂W (x) or the Morse
counting. Although we have found a similar change of variables for the simple example
above, where the charged matter enters W quadratically at most, this turns out to
be not universal enough. When we begin to discuss d = 3 index, we will make a good
use of these variable choices, for an additive piece proportional to the Chern-Simon
level. For the current d = 1 computation, however, we need something a bit more
sophisticated to turn Ω into Gaussian integrals much like (2.32).
Here, we present one such approach for general SO(2) gauge theory with super-
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potential being an arbitrary function of the “radial” variables ρI = | ~XI |2/2, and
possibly of singlets PA’s as well. In other words, we precluded ~XI · ~XJ term with
I 6= J . What have we lost in doing so? Note that such a restriction would come about
automatically if we impose SO(2)Nf−1 flavor symmetries. Such flavors, however, have
been used routinely in recent supersymmetric path integral evaluations, and also by
us in Section 2 for a contact with the Lefschetz fixed point theorem.
The lesson from these is that restricting the Lagrangian or adding (mass) terms to
reinforce such a symmetry is innocuous as long as the original dynamics is sufficiently
gapped so that the usual topological robustness of index, or more precisely the twisted
partition function, can be argued. As such our restriction,
W = W (ρI , PA) , (3.25)
possibly with neutral PA’s, is well-justified as long as dW is sufficiently divergent
along all asymptotic directions.
With suchW (ρI , PA), we decompose its β-scaled Pfaffian of fermion bilinear based
on the recursive definition of Pfaffian
Pf(A) =
N∑
j=2
(−1)ja1jPf(A1ˆjˆ) , (3.26)
of N × N anti-symmetric matrix A = (aij), where A1ˆjˆ denotes (N − 2) × (N − 2)
minor of matrix A with both the first and j-th rows and columns removed. Then we
seek a series of appropriate parameterizations for minors so that each renders the part
of integrand to a Gaussian form. The Pfaffian of fermion bilinear M˜ of an Abelian
gauge theory with Nf doublets and dim(S) singlets is expanded as
Pf(M˜) =
∑
I
(Q ~XI) · Pf(M˜I) , (3.27)
where dim(S) stands for the number of singlets P introduced in the theory. Recall
Tq, a gauge-symmetry generator in (3.4) is replaced with Q, Abelian SO(2) gauge
symmetry charge by which ~XI transforms. In the summand, (Q ~XI) · Pf(M˜I) stands
for a collective expression:
(Q ~XI) · Pf(M˜I) ≡ (−qIXI(2)) · Pf(M˜I(1)) + (qI ~XI(1)) · Pf(M˜I(2)) , (3.28)
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where qI is the charge of ~XI and M˜I(j) is a fermion bilinear matrix with both (λ,
ψI(j)) columns and rows removed. Apparently, a singlet P does not appear in (3.27)
due to its charge neutrality QP = 0. However, the Pfaffian depends on P as the
second derivative terms ∂2W in minor M˜I(i) involves P in general.
For the I-th doublet with I ∈ {1, · · · , Nf}, a set of integration variables are
suggested by
v ≡ |qI ||~xI |u , ~zI ≡ ∂W
∂ρI
~xI , sA ≡ ∂W
∂pA
and ~yJ ≡
√
q2Ju
2 +
(
∂W
∂ρJ
)2
· ~xJ (for J 6= I) ,
(3.29)
upon which we have
(Q ~XI) · Pf(M˜I)
∣∣∣∣ ∂(~x , p ,u)∂(~z, ~y , s ,v)
∣∣∣∣ = 1|qI |WI |~xI | = 1|qI | sgn(WI)|~zI | , (3.30)
for the (Q ~XI)-led piece (3.28) of the expanded Pfaffian where WI ≡ ∂W∂ρI . Then the
bosonic potential in terms of the I-th set of new parametrization reads
V˜bosonic =
1
2
v2 +
1
2
~z 2I +
∑
J 6=I
1
2
~y 2J +
dim(S)∑
A=1
1
2
s2A . (3.31)
The full integral formula for twisted partition function Ω is arranged by the sum
of Nf integrations with the holonomy saddle contribution counted. Assume that a
holonomy saddle Θ = Θ∗ accommodates N∗(≤ Nf ) charged scalar fields ~XI , with
I ∈ N∗, a set of N∗ indices. Then the full integral formula for d = 1 index is
Ω =
∑
Θ∗
∑
I∈N∗
ΩΘ∗I , (3.32)
where the (Q ~XI)-led piece of twisted partition function Ω
Θ∗
I around the holonomy
saddle Θ∗ reads
ΩΘ∗I =
1
(2pi)N∗+2+
1
2
dim(S)
∫
ddim(S)s d3v d2(N∗−1)y d2zI
1
|qI | sgn(WI)|~zI |e
−V˜ ∗bosonic .
(3.33)
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Note the bosonic potential V˜ ∗bosonic in the exponential is given by
V˜ ∗bosonic =
1
2
v2 +
1
2
~z 2I +
∑
J 6=I
J∈N∗
1
2
~y 2J +
dim(S)∑
A=1
1
2
s2A . (3.34)
Armed with this, let us briefly revisit the example discussed in Section 3.2 as well as
other examples with higher order terms in W .
Nf Massive Charged Matters
With this new change of variables, let us recompute the SO(2) theory with charged
massive fields. A quadratic superpotential W =
∑
mIρI =
∑
1
2
mI | ~XI |2 gives
WI = mI , WI,J = 0 for any I, J ∈ {1, 2, · · · , Nf} . (3.35)
A partial contribution to the twisted partition function is
Ω
(Θ=0)
I =
sgn(mI)
(2pi)Nf+2|qI |
∫
d3v d2(Nf−1)y d2zI
1
|zI |e
− 1
2
v2− 1
2
z2I−
∑
J 6=I
1
2
~y2J =
1
2
sgn(mI)
|qI | .
(3.36)
The holonomy saddles with some |qI | > 1 mean effectively a multiplicative factor of
|qI | for Ω(Θ=0)I , reproducing (3.24),
Ω =
Nf∑
I=1
|qI |−1∑
l=0
ΩΘlI =
1
2
Nf∑
I=1
sgn(mI) . (3.37)
Note that the sum in (3.37) results from shuffling the sum over the holonomy saddle
and the sum over charged matters.
WCP
One way to avoid Coulombic flat directions, responsible for the above fractional result,
is to introduce a neutral scalar multiplet, say P , which imposes a symmetry breaking
condition among the charged matters. Consider, for example,
W = PK(ρI) + L(ρI) , (3.38)
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where K and L are functions of gauge-invariant “radial” variables ρI = | ~XI |2/2.
One can see easily that, with generic enough K and L, the classical solutions to the
supersymmetry condition would be isolated points in the space spanned by {P ; ρI}.
Each of such points will generate contribution of ±1.
As such, let us consider a WCPNf−1 model, whose charge-dependent superpoten-
tial W (ρ, P ) is given by
W = CP
 Nf∑
I=1
qI
| ~XI |2
2
− ξ
 = CP (∑
I
qIρI − ξ
)
, (3.39)
requires the change of variables for each I = 1 , · · · , Nf ,
v ≡ |qI ||~xI |u , ~zI ≡ cpqI~xI , s ≡ c
(∑
J
qJρJ − ξ
)
and ~yK ≡
√
q2Kc
2p2 + q2Ku
2 · ~xK (for K 6= I) ,
(3.40)
which brings us to
ΩΘ∗=0I =
sgn(qIc)
(2pi)Nf+2+1/2|qI |
∫
ds d3v d2(Nf−1)y d2zI
[
1
|~zI | −
(
− 1|~zI |
)]
e−V˜
Θ∗=0
bosonic ,
(3.41)
with s ∈ sgn(cqI)(+∞ , −sgn(qI)|c|ξ) coming from a half range of p > 0; the integra-
tion over p < 0 is reflected in the second term in the square bracket. As before, we
have a quadratic exponent
V˜ Θ∗=0bosonic =
1
2
v2 +
1
2
s2 +
1
2
~z 2I +
1
2
∑
K 6=I
~y 2K , (3.42)
and the integral is entirely Gaussian. Note how the integral is split into two parts
separated by ∂ρIW = 0. This will be perhaps the most important lesson we learn
here.
Therefore, the partial contribution to the index ΩI at trivial saddle is,
ΩΘ∗=0I =
{
− 1|qI | qIξ > 0
0 qIξ < 0
. (3.43)
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Note how the sign sgn(cqI) canceled out in the end. Collecting |qI | holonomy saddle
contributions, we find
Ω =
Nf∑
I=1
|qI |−1∑
l=0
ΩΘlI =
{
−Nf qIξ > 0
0 qIξ < 0
, (3.44)
where we have assumed that all charges are of the same sign. This model has no
asymptotic gapless directions, hence we find an integral index in the end.
Multiple Charged Scalars and No Neutrals
Generalizing the previous example, let us turn to a theory of multiple charged scalars
with a general radial superpotential W = W (ρ1, · · · , ρNf ). Recall the index is ex-
pressed by the sum of at most (2Nf + 3)-dimensional integrals (3.33). Each term
is defined per charged matter at given holonomy saddle. Take a specific (Q ~XI)-led
term ΩI at the trivial saddle, for example,
ΩΘ∗=0I =
1
(2pi)Nf+2
∫
d3v d2(Nf−1)y d2zI
sgn(WI)
|qI | |~zI | e
−V˜ Θ∗bosonic , (3.45)
where the change of variables is noted by (3.29) for specific I ∈ {1, · · · , Nf}.
An important point on the integration variables and the domains thereof should
be addressed. Given how the superpotential is a function of the radial variables ρI ’s
rather than individual ~XI , it is important to consider (3.45) as an integral over ρI .
This means that the domain is really RNf+ , which we will split as
RNf+ = ∪a∆(a)I , (3.46)
separated by the locus 0 = WI ≡ ∂ρIW , so that WI has a definite sign on each
subdomain ∆
(a)
I . With this, (3.45) can be more precisely written as
ΩΘ∗=0I =
∑
a
sgn(WI(∆
(a)
I ))
(2pi)Nf+2|qI |
∫
R3
d3v
∫
Y
∆
(a)
I
d2(Nf−1)y d2zI
1
|~zI |e
−V˜bosonic , (3.47)
where Y
∆
(a)
I
is the image of ∆
(a)
I under the map (3.29). Let us introduce following
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variables parametrizing the image Y
∆
(a)
I
,
λI =
1
2
~z 2I , σJ( 6=I) =
1
2
~y 2J , (3.48)
which span R˜Nf+ at most. Our claim is that integral (3.47) vanishes for most of these
domains, leaving behind a single unbounded domain for each I, to be denoted by ∆∞I
with the image Y∆∞I .
Note that the boundary ∂∆
(a)
I is composed of
WI = 0 , ρI = 0 , ρJ( 6=I) = 0 , (3.49)
and the boundary at infinity. The points satisfying one of the first two equations are
mapped to the λI = 0 hyperplane by the reparameterization (3.29) while the third
kind is mapped to the σJ(6=I) = 0 hyperplane. This restricts Y∂∆(a)I
, the image of
boundary ∂∆
(a)
I , within λI = 0 or within σJ(6=I) = 0 hyperplane.
Figure 1 briefly depicts the splitting and mapping of the matter integration domain
for Nf = 2 theory, for ΩI=1. The green curve in the left quadrant is W1 = 0. Note
how, for exmple, all components of ∂∆
(1)
1 , the bold colored lines, are all mapped to
the two axes in the right figure. The dashed line on the right quadrant is the part
of the boundary ∂Y
(1)
∆1
that doesn’t belong to the image of ∂∆
(1)
1 . Here, the image
of ∆
(1)
1 folds itself, which means that the integral cancels out between the two sides.
Such a folding could happen multiple times with the same result. This means
sgn(W1(∆
(1)
1 ))
(2pi)Nf+2|qI |
∫
R3
d3v
∫
Y
∆
(1)
1
d2(Nf−1)y d2zI
1
|~zI |e
−V˜bosonic = 0 . (3.50)
The same mechanism works for most of the domains, bounded or unbounded.
What matters is how the part of the boundary ∂∆
(a)
I sitting at the locus WI = 0 is
mapped to the axis λI = 0. The other two possible boundaries are either ρI = 0 or
ρI = ∞. We will call ∆∞I the domain that has the latter as part of the boundary.
For all the other ∆
(a)
I ’s, the boundary is mapped to λI = 0 or σJ 6=I = 0 in such a way
Y
∆
(a)
I
cancels itself out in the Gaussian integration (3.47) due to orientation flips. ∆∞I
is an exception to this, however, since one side of the boundary goes off to ρI → +∞,
which is clearly not mapped to λI = 0, so the cancelation of the integral need not
happen. Rather, its image Y∆∞I fully expands R
Nf
+ .
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<latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="hP+6LrUf2d3 tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZw bZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/ +gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTz QrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9 LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiW lt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3w MYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexi t><latexit sha1_base64="/KBooGRv1WK O0HnYRZkHzTsnLZA=">AAAB7nicbZBLSwMxFIXv1FetVUe3bgaLUDdl4kaXgi5cV rAPaMchk6ZtaCYzJHcKZZh/4saFIv4cd/4b08dCWw8EPs5JuDcnSqUw6PvfTmlre2 d3r7xfOageHh27J9W2STLNeIslMtHdiBouheItFCh5N9WcxpHknWhyN887U66NSN QTzlIexHSkxFAwitYKXbd/zyXS57xOLoswJ0Xo1vyGv5C3CWQFNVipGbpf/UHCspg rZJIa0yN+ikFONQomeVHpZ4anlE3oiPcsKhpzE+SLzQvvwjoDb5hoexR6C/f3i5z GxsziyN6MKY7NejY3/8t6GQ5vglyoNEOu2HLQMJMeJt68Bm8gNGcoZxYo08Lu6rEx 1ZShLatiSyDrX96E9lWD+A3y6EMZzuAc6kDgGm7hAZrQAgZTeIE3eHdy59X5WNZV cla9ncIfOZ8/OfWRjQ==</latexit><latexit sha1_base64="/KBooGRv1WK O0HnYRZkHzTsnLZA=">AAAB7nicbZBLSwMxFIXv1FetVUe3bgaLUDdl4kaXgi5cV rAPaMchk6ZtaCYzJHcKZZh/4saFIv4cd/4b08dCWw8EPs5JuDcnSqUw6PvfTmlre2 d3r7xfOageHh27J9W2STLNeIslMtHdiBouheItFCh5N9WcxpHknWhyN887U66NSN QTzlIexHSkxFAwitYKXbd/zyXS57xOLoswJ0Xo1vyGv5C3CWQFNVipGbpf/UHCspg rZJIa0yN+ikFONQomeVHpZ4anlE3oiPcsKhpzE+SLzQvvwjoDb5hoexR6C/f3i5z GxsziyN6MKY7NejY3/8t6GQ5vglyoNEOu2HLQMJMeJt68Bm8gNGcoZxYo08Lu6rEx 1ZShLatiSyDrX96E9lWD+A3y6EMZzuAc6kDgGm7hAZrQAgZTeIE3eHdy59X5WNZV cla9ncIfOZ8/OfWRjQ==</latexit><latexit sha1_base64="1K0UFnnvLAj gusDmDjInQxahPng=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkrWg3os6MFjB VsLbQyb7bZdutmE3UmhhPwTLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0ykMOB5305pbX 1jc6u8XdnZ3ds/cA+P2iZONeMtFstYd0JquBSKt0CA5J1EcxqFkj+G45uZ/zjh2o hYPcA04X5Eh0oMBKNgpcB1e7dcAn3KauQ8DzKSB27Vq3tz4FVCClJFBZqB+9Xrxyy NuAImqTFd4iXgZ1SDYJLnlV5qeELZmA5511JFI278bH55js+s0seDWNtSgOfq74m MRsZMo9B2RhRGZtmbif953RQG134mVJICV2yxaJBKDDGexYD7QnMGcmoJZVrYWzEb UU0Z2LAqNgSy/PIqaV/UiVcn9161cVnEUUYn6BTVEEFXqIHuUBO1EEMT9Ixe0ZuT OS/Ou/OxaC05xcwx+gPn8weIOJLh</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit><latexit sha1_base64="cuhbTfgONpQ fjnnLIoHZ5pUuEgE=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyUroh4LevBYw X5AG8NmO2mXbjZhd1MoIf/EiwdFvPpPvPlv3LY5aOuDgcd7M8zMCxLOlHbdb6u0tr 6xuVXeruzs7u0f2IdHbRWnkkKLxjyW3YAo4ExASzPNoZtIIFHAoROMb2d+ZwJSsV g86mkCXkSGgoWMEm0k37b7d8A1ecpq+Dz3M5z7dtWtu3M4qwQXpIoKNH37qz+IaRq B0JQTpXrYTbSXEakZ5ZBX+qmChNAxGULPUEEiUF42vzx3zowycMJYmhLamau/JzI SKTWNAtMZET1Sy95M/M/rpTq88TImklSDoItFYcodHTuzGJwBk0A1nxpCqGTmVoeO iCRUm7AqJgS8/PIqaV/UsVvHD5fVxlURRxmdoFNUQxhdowa6R03UQhRN0DN6RW9W Zr1Y79bHorVkFTPH6A+szx+JeJLl</latexit>
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1
<latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="hP+6LrUf2d3 tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZw bZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/ +gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTz QrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9 LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiW lt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3w MYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexi t><latexit sha1_base64="I39tAnjtU4l uGmTABuqIdVrHJT0=">AAAB7nicbZDNSgMxFIXv1L9aq45u3QSLUDdlphtdCrpwW cG2QjsOmfS2Dc1khiRTKMO8iRsXivg47nwb05+Fth4IfJyTcG9OlAqujed9O6Wt7Z 3dvfJ+5aB6eHTsnlQ7OskUwzZLRKKeIqpRcIltw43Ap1QhjSOB3WhyO8+7U1SaJ/ LRzFIMYjqSfMgZNdYKXbd/h8LQ57zevCzC3C9Ct+Y1vIXIJvgrqMFKrdD96g8SlsU oDRNU657vpSbIqTKcCSwq/UxjStmEjrBnUdIYdZAvNi/IhXUGZJgoe6QhC/f3i5z GWs/iyN6MqRnr9Wxu/pf1MjO8DnIu08ygZMtBw0wQk5B5DWTAFTIjZhYoU9zuStiY KsqMLatiS/DXv7wJnWbD9xr+gwdlOINzqIMPV3AD99CCNjCYwgu8wbuTO6/Ox7Ku krPq7RT+yPn8ATt0kY4=</latexit><latexit sha1_base64="I39tAnjtU4l uGmTABuqIdVrHJT0=">AAAB7nicbZDNSgMxFIXv1L9aq45u3QSLUDdlphtdCrpwW cG2QjsOmfS2Dc1khiRTKMO8iRsXivg47nwb05+Fth4IfJyTcG9OlAqujed9O6Wt7Z 3dvfJ+5aB6eHTsnlQ7OskUwzZLRKKeIqpRcIltw43Ap1QhjSOB3WhyO8+7U1SaJ/ LRzFIMYjqSfMgZNdYKXbd/h8LQ57zevCzC3C9Ct+Y1vIXIJvgrqMFKrdD96g8SlsU oDRNU657vpSbIqTKcCSwq/UxjStmEjrBnUdIYdZAvNi/IhXUGZJgoe6QhC/f3i5z GWs/iyN6MqRnr9Wxu/pf1MjO8DnIu08ygZMtBw0wQk5B5DWTAFTIjZhYoU9zuStiY KsqMLatiS/DXv7wJnWbD9xr+gwdlOINzqIMPV3AD99CCNjCYwgu8wbuTO6/Ox7Ku krPq7RT+yPn8ATt0kY4=</latexit><latexit sha1_base64="pWRfKFNbNIo I13uChBnHFV0WBL4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkrSg3os6MFjB fsBbQyb7aZdutmE3U2hhPwTLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Sxu bW9k55t7K3f3B4ZB+fdFScSkLbJOax7AVYUc4EbWumOe0lkuIo4LQbTG7nfndKpW KxeNSzhHoRHgkWMoK1kXzbHtxRrvFTVmtc5n7m5r5dderOAmiduAWpQoGWb38NhjF JIyo04Vipvusk2suw1IxwmlcGqaIJJhM8on1DBY6o8rLF5Tm6MMoQhbE0JTRaqL8 nMhwpNYsC0xlhPVar3lz8z+unOrzxMiaSVFNBlovClCMdo3kMaMgkJZrPDMFEMnMr ImMsMdEmrIoJwV19eZ10GnXXqbsPTrV5VcRRhjM4hxq4cA1NuIcWtIHAFJ7hFd6s zHqx3q2PZWvJKmZO4Q+szx+JwpLi</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit><latexit sha1_base64="bt6oofQcyPg pH5pSep++M0M1RmE=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSLUS0mKqMeCHjxWs B/QxrDZbtqlm03Y3RRKyD/x4kERr/4Tb/4bt20O2vpg4PHeDDPzgoQzpR3n21pb39 jc2i7tlHf39g8O7aPjtopTSWiLxDyW3QArypmgLc00p91EUhwFnHaC8e3M70yoVC wWj3qaUC/CQ8FCRrA2km/b/TvKNX7KqvWL3M/c3LcrTs2ZA60StyAVKND07a/+ICZ pRIUmHCvVc51EexmWmhFO83I/VTTBZIyHtGeowBFVXja/PEfnRhmgMJamhEZz9fd EhiOlplFgOiOsR2rZm4n/eb1UhzdexkSSairIYlGYcqRjNIsBDZikRPOpIZhIZm5F ZIQlJtqEVTYhuMsvr5J2veY6NffhstK4KuIowSmcQRVcuIYG3EMTWkBgAs/wCm9W Zr1Y79bHonXNKmZO4A+szx+LApLm</latexit>
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<latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L 86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gs TLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH 6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="/9viUkkD9DPpRod55T5DgQLCil0=">AAAB8HicbZBLSwMxFIXv+K y16titm2AR6qbMdKNLQRcuK9iHtOOQSTNtaOZBckcsw/wVNy4U8de489+YPhbaeiDwcU7CvTlBKoVGx/m2Nja3tnd2S3vl/crB4ZF9XOnoJFOMt1kiE9ULqOZSxLyNAiXvpYrTKJC8G0yuZ3n3i Sstkvgepyn3IjqKRSgYRWP5dvXBzwc3XCL13ce83jwvCt+uOQ1nLrIO7hJqsFTLt78Gw4RlEY+RSap133VS9HKqUDDJi/Ig0zylbEJHvG8wphHXXj7fvSBnxhmSMFHmxEjm7u8XOY20nkaBuRl RHOvVbGb+l/UzDC+9XMRphjxmi0FhJgkmZFYEGQrFGcqpAcqUMLsSNqaKMjR1lU0J7uqX16HTbLhOw71zoAQncAp1cOECruAWWtAGBs/wAm/wbhXWq/WxqGvDWvZWhT+yPn8AoYeSWA==</late xit><latexit sha1_base64="/9viUkkD9DPpRod55T5DgQLCil0=">AAAB8HicbZBLSwMxFIXv+K y16titm2AR6qbMdKNLQRcuK9iHtOOQSTNtaOZBckcsw/wVNy4U8de489+YPhbaeiDwcU7CvTlBKoVGx/m2Nja3tnd2S3vl/crB4ZF9XOnoJFOMt1kiE9ULqOZSxLyNAiXvpYrTKJC8G0yuZ3n3i Sstkvgepyn3IjqKRSgYRWP5dvXBzwc3XCL13ce83jwvCt+uOQ1nLrIO7hJqsFTLt78Gw4RlEY+RSap133VS9HKqUDDJi/Ig0zylbEJHvG8wphHXXj7fvSBnxhmSMFHmxEjm7u8XOY20nkaBuRl RHOvVbGb+l/UzDC+9XMRphjxmi0FhJgkmZFYEGQrFGcqpAcqUMLsSNqaKMjR1lU0J7uqX16HTbLhOw71zoAQncAp1cOECruAWWtAGBs/wAm/wbhXWq/WxqGvDWvZWhT+yPn8AoYeSWA==</late xit><latexit sha1_base64="dx3Fhv0QIe4tltUGbRHP9k/Ep6w=">AAAB+3icbVBNS8NAEN3Ur1 q/Yj16WSxCvZSkB/VY0IPHCvZD2hg22227dLMJuxOxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzL4gF1+A431ZhbX1jc6u4XdrZ3ds/sA/LbR0lirIWjUSkugHRTHDJWsBBsG6sGAkDwTrB5Grmd x6Z0jySdzCNmReSkeRDTgkYybfL937av2YCiO8+pNX6WZb5dsWpOXPgVeLmpIJyNH37qz+IaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbS+e0ZPjXKAA8jZUoCnqu/J1ISaj0NA9M ZEhjrZW8m/uf1EhheeimXcQJM0sWiYSIwRHgWBB5wxSiIqSGEKm5uxXRMFKFg4iqZENzll1dJu15znZp761Qa53kcRXSMTlAVuegCNdANaqIWougJPaNX9GZl1ov1bn0sWgtWPnOE/sD6/AH4PZ Ou</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit><latexit sha1_base64="7y1pt7aVrBEeyMoPtRnwe0ws/+E=">AAAB+3icbVBNS8NAEN34We tXrEcvi0Wol5IUUY8FPXisYD+kjWGz3bZLN5uwOxFLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zba2srq1vbBa2its7u3v79kGppaNEUdakkYhUJyCaCS5ZEzgI1okVI2EgWDsYX0399 iNTmkfyDiYx80IylHzAKQEj+Xbp3k9710wA8d2HtFI7zTLfLjtVZwa8TNyclFGOhm9/9foRTUImgQqiddd1YvBSooBTwbJiL9EsJnRMhqxrqCQh0146uz3DJ0bp40GkTEnAM/X3REpCrSdhYDp DAiO96E3F/7xuAoNLL+UyToBJOl80SASGCE+DwH2uGAUxMYRQxc2tmI6IIhRMXEUTgrv48jJp1aquU3Vvz8r18zyOAjpCx6iCXHSB6ugGNVATUfSEntErerMy68V6tz7mrStWPnOI/sD6/AH5fZ Oy</latexit>
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<latexit sha1_base64="AEVeCnS4RutDYIeECLUvPRbFkQo=">AAACFHicbVA9S wNBEN3z2/gVtbRZDEJECHciaiMIWlhGMRrJJcfeZpIs2ftgd04Ix/0IG/+KjYUithZ2/hv3khQafTDweG+GmXl+LIVG2/6ypqZnZufmFxYLS8srq2vF9Y0bHSWKQ41HMl J1n2mQIoQaCpRQjxWwwJdw6/fPcv/2HpQWUXiNgxiaAeuGoiM4QyN5xb07L3XPQSLznFZaPtjNMnpCCy4K2YbUDRj2fJ9eZd5ea98rluyKPQT9S5wxKZExql7x021HPAk gRC6Z1g3HjrGZMoWCS8gKbqIhZrzPutAwNGQB6GY6fCqjO0Zp006kTIVIh+rPiZQFWg8C33TmV+pJLxf/8xoJdo6bqQjjBCHko0WdRFKMaJ4QbQsFHOXAEMaVMLdS3mOK cTQ5FkwIzuTLf8nNfsWxK87lQen0cBzHAtki26RMHHJETskFqZIa4eSBPJEX8mo9Ws/Wm/U+ap2yxjOb5Besj28k35zx</latexit><latexit sha1_base64="AEVeCnS4RutDYIeECLUvPRbFkQo=">AAACFHicbVA9S wNBEN3z2/gVtbRZDEJECHciaiMIWlhGMRrJJcfeZpIs2ftgd04Ix/0IG/+KjYUithZ2/hv3khQafTDweG+GmXl+LIVG2/6ypqZnZufmFxYLS8srq2vF9Y0bHSWKQ41HMl J1n2mQIoQaCpRQjxWwwJdw6/fPcv/2HpQWUXiNgxiaAeuGoiM4QyN5xb07L3XPQSLznFZaPtjNMnpCCy4K2YbUDRj2fJ9eZd5ea98rluyKPQT9S5wxKZExql7x021HPAk gRC6Z1g3HjrGZMoWCS8gKbqIhZrzPutAwNGQB6GY6fCqjO0Zp006kTIVIh+rPiZQFWg8C33TmV+pJLxf/8xoJdo6bqQjjBCHko0WdRFKMaJ4QbQsFHOXAEMaVMLdS3mOK cTQ5FkwIzuTLf8nNfsWxK87lQen0cBzHAtki26RMHHJETskFqZIa4eSBPJEX8mo9Ws/Wm/U+ap2yxjOb5Besj28k35zx</latexit><latexit sha1_base64="AEVeCnS4RutDYIeECLUvPRbFkQo=">AAACFHicbVA9S wNBEN3z2/gVtbRZDEJECHciaiMIWlhGMRrJJcfeZpIs2ftgd04Ix/0IG/+KjYUithZ2/hv3khQafTDweG+GmXl+LIVG2/6ypqZnZufmFxYLS8srq2vF9Y0bHSWKQ41HMl J1n2mQIoQaCpRQjxWwwJdw6/fPcv/2HpQWUXiNgxiaAeuGoiM4QyN5xb07L3XPQSLznFZaPtjNMnpCCy4K2YbUDRj2fJ9eZd5ea98rluyKPQT9S5wxKZExql7x021HPAk gRC6Z1g3HjrGZMoWCS8gKbqIhZrzPutAwNGQB6GY6fCqjO0Zp006kTIVIh+rPiZQFWg8C33TmV+pJLxf/8xoJdo6bqQjjBCHko0WdRFKMaJ4QbQsFHOXAEMaVMLdS3mOK cTQ5FkwIzuTLf8nNfsWxK87lQen0cBzHAtki26RMHHJETskFqZIa4eSBPJEX8mo9Ws/Wm/U+ap2yxjOb5Besj28k35zx</latexit><latexit sha1_base64="AEVeCnS4RutDYIeECLUvPRbFkQo=">AAACFHicbVA9S wNBEN3z2/gVtbRZDEJECHciaiMIWlhGMRrJJcfeZpIs2ftgd04Ix/0IG/+KjYUithZ2/hv3khQafTDweG+GmXl+LIVG2/6ypqZnZufmFxYLS8srq2vF9Y0bHSWKQ41HMl J1n2mQIoQaCpRQjxWwwJdw6/fPcv/2HpQWUXiNgxiaAeuGoiM4QyN5xb07L3XPQSLznFZaPtjNMnpCCy4K2YbUDRj2fJ9eZd5ea98rluyKPQT9S5wxKZExql7x021HPAk gRC6Z1g3HjrGZMoWCS8gKbqIhZrzPutAwNGQB6GY6fCqjO0Zp006kTIVIh+rPiZQFWg8C33TmV+pJLxf/8xoJdo6bqQjjBCHko0WdRFKMaJ4QbQsFHOXAEMaVMLdS3mOK cTQ5FkwIzuTLf8nNfsWxK87lQen0cBzHAtki26RMHHJETskFqZIa4eSBPJEX8mo9Ws/Wm/U+ap2yxjOb5Besj28k35zx</latexit>
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⇢ { 1 = 0}⇥ R+
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Figure 1: The domain decomposition and mapping under reparameterization (3.29)
for ΩI=1 of the Nf = 2 theory. The angular part is projected out to make the
drawing simple. The image of boundary is different from the boundary of the image,
i.e., Y
∂∆
(a)
I
6= ∂Y
∆
(a)
I
, generally, which underlies how most domains cancel out in the
integral. Y∆∞I=1 = Y∆(4)1
, whose projection to this (λ1, σ2) plane equals the entire
quadrant R˜2+, is the only domain that can contribute to Ω
Θ∗=0
I=1 .
Hence, the surviving part of the integral is one over a single copy of Y∆∞I
sgn(W∞I )
(2pi)Nf+2|qI |
∫
Y∆∞
I
d2(Nf−1)y d2zI
∫
R3
d3v
1
|~zI |e
−V˜bosonic , (3.51)
where sgn(W∞I ) is defined by the limit along specific direction
sgn(W∞I ) ≡ sgn(WI(∆∞I )) = limρI→∞
ρJ(6=I)→0
sgn
(
∂W
∂ρI
)
. (3.52)
Since the domain Y∆∞I is always identical to R˜
Nf
+ , a theory with the radial super-
potential always gives rise to the index of following form at the trivial holonomy
saddle
ΩΘ∗=0I =
1
2
sgn(W∞I )
|qI | . (3.53)
At each non-trivial holonomy saddle, a similar logic makes the computation sim-
ple: a bounded subdomain never contributes to the index, while a specific unbounded
domain generates a non-zero value, depending on the asymptotics of the superpoten-
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tial. A straightforward holonomy saddle counting for charge-qI matters yields
Ω =
Nf∑
I=1
|ql|−1∑
l=0
ΩΘlI =
1
2
∑
I
sgn(W∞I ) , (3.54)
for generic radial W without asymptotic flat directions. This completes the proof.
If we further assume that W = cW ·G(ρ1, · · · , ρNf ) where
∂IG(ρ)→ +∞ (3.55)
for each I, along all asymptotic directions in the ρ space, we have a simplified version
of (3.54). Again G is an analytic function with no singular behavior, especially at the
origin. For instance this is guaranteed if G is a polynomial with top degrees forming
a non-degenerate homogenous polynomial with all positive coefficients since ρI ’s all
live in the positive half lines. Then (3.54) is translated into
Ω =
Nf
2
sgn(cW ) . (3.56)
A simple example of this is the Nf = 2 Abelian gauge theory with quartic superpo-
tential W ,
W (ρ1, ρ2) =
cW
4
(ρ1 + ρ2 − v)2 . (3.57)
Given a positive real constant v, the integration domain for Ω1 can be split as follows,
∆
(1)
1 = {(ρ1, ρ2) | ρ1 + ρ2 − v < 0} , ∆∞1 = {(ρ1, ρ2) | ρ1 + ρ2 − v > 0} .
In a similar way, the domain for the Ω2 integral is split as follows,
∆
(1)
2 = {(ρ1, ρ2) | ρ1 + ρ2 − v < 0} , ∆∞2 = {(ρ1, ρ2) | ρ1 + ρ2 − v > 0} .
The exchange symmetry ρ1 ↔ ρ2 in (3.57) makes the domain split in the same way
for Ω1 and for Ω2.
Following the above argument, it turns out that ΩI∈{1,2} integrals over ∆
(1)
{I=1,2}
vanish. On the other hand, the integration over the unbounded domain converges
to 1
2
sgn(cW )/|qI | since each domain covers R2+ × R3 in {λ1, σ2, ~v} and {σ1, λ2, ~v}
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parametrizations, respectively. Thus
ΩΘ∗=0I =
1
2|qI | · sgn(cW ) . (3.58)
at the saddle at the origin. Computation at other saddles would be isomorphic to
this; the only difference would be that the set of charged matters which enter the
computation is selected by Θ∗ and is in general a subset of those at Θ∗ = 0. Summing
over |qI | holonomy saddle contributions for each I, we have the index of (3.57)
Ω =
( |q1|
2|q1| +
|q2|
2|q2|
)
sgn(cW ) = sgn(cW ) , (3.59)
consistent with (3.56).
3.4 Why Is Coulombic Wall-Crossing Absent?
Let us close the section with an observation. Consider the following three prototypes
of theories we discussed above,
W1 =
1
2
m | ~X|2 , W2 = P
(
1
2
| ~X|2 − ξ
)
, W3 =
1
2
(
| ~X|2 − ξ
)2
, (3.60)
with neutral and real P and a unit-charged two-component field ~X. The direct
computation of the indices produced,
Ω1 =
{
1/2 m > 0
−1/2 m < 0 , Ω2 =
{
−1 ξ > 0
0 ξ < 0
, Ω3 =
1
2
, (3.61)
so that the former two experiences wall-crossing while the last does not.
At ξ = 0 all three theories admit gapless flat directions, a necessary condition
for wall-crossing, so what is it that makes the difference? At m = 0 or ξ = 0, the
classical vacuum manifolds are, respectively,
{u} ∪ { ~X} , {u} ∪ {P} , {u} , (3.62)
so one immediate difference is the presence/absence of the flat direction associated
with the matter field. In the last theory with no wall-crossing, at most the Coulombic
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direction become asymptotically flat. Is there a way to understand this phenomenon
in general term? It turns out that there is a simple explanation, not from d = 1
physics but rather from the possibility of embedding such theories as the lowest
Kaluza-Klein sector of a d = 3 Chern-Simons theory.
Consider the above theories as coming from T2 compactification of d = 3 N = 1
gauge theories. One would compute the Witten index of such a theory by performing
the path integral on T3. Since the size of the torus cannot enter the twisted partition
function of the gapless theory, one could imagine sending the spatial radius to zero
first and thus reduce the path integral to that of a d = 1 N = 2 theory. If we were
considering d = 3 theories, therefore, the Coulombic direction is no longer asymptotic
as the bosonic variables live in a dual torus, hence cannot produce asymptotic flat
directions. Is this why there is no wall-crossing in d = 1 as well when the asymptotic
direction is entirely Coulombic?
Actually this is too rash. Consider the well-known wall-crossing story with the
twice supersymmetries, where the d = 1 N = 2 vector multiplet is accompanied by
one more real adjoint scalar multiplet, call it Σ. It is well-known that this system
generically wall-crosses due to wavefunctions that leak out to the asymptotic Coulomb
phase including the Σ directions. The Coulombic physics is notoriously dimension-
dependent, which actually underlies why N = 4 quantum mechanics wall-crosses
while d = 2 N = (2, 2) GLSM does not. As such the above naive argument that u’s
originate from periodic variables does not immediately preclude wall-crossing due to
the Coulombic asymptotic infinity in strict d = 1 theories.
We believe that the difference comes from how the Chern-Simons terms, when a
d = 1 gauge theory is lifted to d = 3, control infrared issues on the Coulombic side.
If one can embed a given d = 1 N = 2 gauge theory to a d = 3 Chern-Simons theory
with arbitrary nonzero level κ, the latter gaps out d = 1 N = 2 Coulombic physics by
turning it into a Landau problem, as we will see in next section. Even in the lowest
Landau level, infinitely degenerate in the infinitesimal T2 limit, individual states are
enumerative and of fixed size controlled by the effective magnetic field and angular
momentum in the u1,2 plane. The runaway behavior of ground states necessary for
wall-crossing is impossible, and this makes wall-crossing due to the Coulombic flat
directions impossible.
One might wonder if this explanation makes any sense since d = 1 limit of the
Chern-Simons level is subtle. With any finite κ, one ends up with a Landau problem
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with infinite total flux when a strict d = 1 limit is taken. Thus we are effectively
studying a dimensional reduction of κ = 0 theory. However, as we will see in the
next section, κ-independent part of the d = 3 twisted partition functions, which we
will call Ω0, share the common building blocks with d = 1 Ω. These are nothing but
ΩΘ∗=0I ’s above, and the difference between d = 3 Ω0 and d = 1 Ω is merely in the
details of the holonomy saddles.
This means that d = 1 wall-crossing behavior, which would be entirely due to
discontinuity of ΩΘ∗=0I , is connected to d = 3 wall-crossing of this κ-independent Ω0.
The latter’s insensitivity to κ tells us, on the other hand, that nothing special happens
at κ = 0 with Ω0, and thus with Ω
Θ∗=0
I . Therefore, the absence of the d = 1 wall-
crossing from the Coulombic continuum can be argued with a mere logical possibility
of d = 3 Chern-Simons lift, even though we are effectively studying dimensional
reduction of the κ = 0 version.
With such a Chern-Simons uplift, the wall-crossing that does happen in d = 1
N = 4 will occur due to the asymptotics of Σ, the real adjoint matter that enlarges the
vector multiplet to the one with the twice supersymmetries. In a more conventional
localization computation, where one introduces an R-charge chemical potential as an
infrared regulator, again it is the Σ direction that is left unaffected and responsible
for the wall-crossing. In our d = 1 N = 2 viewpoint, however, Σ is one of real scalar
multiplets. We conclude that in d = 1 N = 2 (gauge) theories, a wall-crossing occurs
only if there are asymptotic gapless directions that emerge along the scalar multiplet
side.
4 d = 3 N = 1 Chern-Simons-Matter
In this final section, we will explore d = 3 version of the same problem for SO(2)
Chern-Simons-Matter theories. Witten indices of d = 3 massive theories can be
computed by compactification on T2, which would bring us to an extension of d = 1
computations, which we wish to exploit here.
4.1 d = 3 N = 2 Chern-Simons-Matter Revisited
Before we delve into d = 3 N = 1 theories, it is worthwhile to recall how vacuum
countings work for d = 3 N = 2 theories [24]. For massive d = 3 theories, the quan-
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tum vacuum counting at a symmetric phase can be most easily done by integrating
out the matter fields first. For such contributions, one can resort to the previous
countings by Witten of pure Chern-Simons theories [25]. When vacua with the gauge
symmetry broken are present, one must also consider them, so generally we have
I = Isymmetric + Ibroken . (4.1)
For d = 3 N = 2 theories with real masses, Intriligator and Seiberg gave a beautiful
demonstration [22] of how to count these vacua and to classify them, and how the
sum remains robust although individual contribution might vary with parameters of
the theory.
Let us take a simple N = 2 theory, say, an SO(2)κ theory with a chiral multiplet
Φ = (X1 + iX2)/
√
2 of charge q > 0 for an illustration. The bosonic potential takes
the form
VN=2 = 1
2
(
q| ~X|2 − ξ − κΣ
)2
+ 2 q2Σ2|X|2 , (4.2)
modulo the electric coupling e2, where the would-be N = 1 scalar multiplet Σ now
belongs to the N = 2 vector multiplet. Let us assume |κ| > q2/2, just to avoid the
clutter coming from one-loop shift of κ. The potential admits two types of vacua,{
Σ = 0, q| ~X|2 = ξ
}
,
{
Σ = −ξ/κ, | ~X|2 = 0
}
, (4.3)
of which the former exists only if ξ > 0. The existence of a symmetric vacuum is
a universal feature of N = 2 Chern-Simons theories for large enough |κ|, which will
not be the case for d = 3 N = 1 theories.
Here we will follow a reasoning which is similar to [22], but in an N = 1 theory
language, with a care given to the sign convention for the Witten index. In our N = 1
notation, the would-be D-term potential above arises from the superpotential
W = Σ
(
q| ~X|2 − ξ − 1
2
κΣ
)
. (4.4)
Note that the singlet Σ comes with mass −κ. Let us expand this in the two phases
as
δWbroken(Σ, δ| ~X|) ' +
√
qξ Σ δ| ~X| − 1
2
κΣ2 ,
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δWsymmetric(δΣ, ~X) ' −(qξ/κ) | ~X|2 − κ
2
(δΣ)2 . (4.5)
For instance, the broken vacuum for ξ > 0 will contribute
Ibroken =
{
− q2 ξ > 0
0 ξ < 0
(4.6)
The q2 degeneracy can be understood from q2 many discrete gauge holonomies along
spatial T2, remnants from the partial symmetry-breaking SO(2) → Zq. Note that
this is one more manifestation of the holonomy saddle, although now in the context
of the canonical approach, as opposed to the path integral approach. On the other
hand, the minus sign arises from the determinant of the 2×2 mass matrix in δWbroken;
the contribution from these two gauge singlet real fields Σ and δ| ~X| can be found by
compactification on T3 and thus by our d = 1 computation easily.
In the symmetric phase, contributions from ~X and δΣ play different roles. ~X can
be first integrated out and shift the Chern-Simons level to
κeff = κ+
1
2
sgn(−ξ/κ) q2 . (4.7)
On the other hand, δΣ factorizes out from the Chern-Simons dynamics and merely
affects the overall sign of the index such that the contribution to the index from the
symmetric vacuum is
Isymmetric = sgn(−κ)κeff = −|κ|+ 1
2
sgn(ξ) q2 , (4.8)
where we invoked the well-known index, κ, for the pure SO(2)κ theory. Therefore,
for either sign of ξ, we find
I = Isymmetric + Ibroken = −|κ| − 1
2
q2 , (4.9)
and that there is no wall-crossing at ξ = 0, consistent with the absence of any
asymptotic flat direction appearing.
One thing we wish to note here is that all of the above was possible only thanks to
the very rigid D-term potential, although we recast it into the N = 1 superpotential
language. So, what could be done if we really consider general d = 3 N = 1 theories
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with a generic and not-so-simple superpotential W? Keeping track of the symmetric
and the broken vacua may not be so feasible in such general theories. Recall that the
Witten index in Section 2 only requires a winding number information of W and has
little to do with details at finite X. If we wish to find an analog of the above counting
there, if any, it would be the Morse theory interpretation. On the other hand, we are
not aware of how to extend the Morse theory to the gauged dynamics.
What should be done is of course to go back to the d = 3 N = 1 path integral and
ask whether there is a way to reduce it to ordinary Gaussian integrals and eventually
to the winding number information in W , on par with what we have seen for d = 1
N = 2 theories in Section 2. The rest of this note is devoted to this question.
4.2 d = 1 Approach for d = 3 Chern-Simons-Matter
Suppose we want to compute the same Witten index such as (4.9) for general d =
3 N = 1 Chern-Simons theories, entirely by compactifying the theory on T3 and
performing the Euclidean path integral. This will bring us to the kind of computation
in the two previous sections. The Kaluza-Klein sector cancels out neatly in the end,
so the reduction to d = 1 is achieved naturally. The new ingredient is the remnant
of the Chern-Simons term in the d = 1 Lagrangian,
∼ −κL1L2
2pi
u1∂tu2 , (4.10)
as well as its accompanying mass term for gaugino λ. The holonomies ua’s are of
2pi/La periods, where L1,2 are the lengths of the two spatial circles in T3.
This means that the kinetic part of the vector multiplet is the same as that of
the Landau problem with the magnetic field κL1L2/2pi and the total flux ΦB = 2piκ.
Note that since we will compute this on arbitrarily small torus, κ here is the bare
Chern-Simon level. Since the magnetic field couples to u1,2 at quadratic level with a
single time derivative, the heat kernel expansion should be in principle worked out
from scratch. In Appendix A, we derive the 0-th order heat kernel for the Landau
problem, necessary for the heat kernel expansion. As observed there, the small β
expansion, combined with the insertion of (−1)F , is such that the computation we
have performed so far in the absence of the external magnetic field is applicable. The
only change in the end is the extra fermion bilinear ∼ (κL1L2)λλ which affects the
Pfaffian part of the computation.
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The path integral has a somewhat different decomposition than the counting based
on d = 3 vacuum analysis above. For rank 1 theories, we find
Ω3d = Ω0 + Zκ
∫
du1du2du3
(2pi)3
βL1L2κ = Ω0 + κ · Zκ , (4.11)
where Ω0 is part of the path integral independent of κ. Here, we displayed variables
prior to the β-scaling, so that u3 is the holonomy along the time direction of period
2pi/β, and similarly u1,2 have the periods 2pi/L1,2. For higher rank theories, we
similarly expect higher order pieces in κ’s to show up as well, although here we
confine ourselves to SO(2) theories.
The second term in (4.11) can be understood, from the d = 1 perspective, easily
since the supersymmetric Landau level problem comes with the ground state degener-
acy of |ΦB|/2pi = |κ|, which equals the usual level-by-level degeneracy for the purely
bosonic Landau problem. For the lowest Landau level, the SO(2) gaugino merely
shifts the ground state energy to zero and does not affect this degeneracy. Zκ takes
into a further degeneracy factor, with sign, that, for example, might come from a
decoupled neutral sector, tensored with this Landau problem.
As far as such a path integral on T3 goes, Ω0 and Zκ are computed blindly,
regardless of the classical vacuum structure. This means that the d = 3 index has
two different decompositions,
I = Isymmetric + Ibroken = κ · Zκ + Ω0 . (4.12)
While Isymmetric includes the κ-dependent pieces, it also has the additive one-loop
shift of κ from charged matters, so the two decompositions are not the same in the
presence of charged matters. Ω0 can and will generally contribute to both Isymmetric
and Ibroken.
For d = 3 N = 1 theories, the classical vacua are determined by the more flexible
superpotential W , instead of the rigid D-term potential (4.2) above. Also, unlike
N = 2 theories, where the D-term potential with large enough |κ| always admits a
symmetric vacuum, one can easily imagine W that does not admit any symmetric
vacuum even for large enough |κ|. Since, from d = 3 physics, it is clear that the
κ-dependent part can get a contribution only from a symmetric vacuum, we find
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immediately that
Zκ = 0 , (4.13)
in theories with no classical symmetric vacuum. When an asymptotically flat direc-
tion is present, one may need to understand this as
limZκ = 0 , (4.14)
where the limit is taken to scale up the finite asymptotic gap, as usual. On the
other hand, if the theory admits exactly one symmetric vacuum classically, we should
expect |Zκ|, or the above limit thereof if needed, to equal 1.
Such relatively simple behaviors of Zκ will manifest in the path integral compu-
tation as well; we will see presently that this quantity is really determined by the
neutral sector of the matter content. In particular, we will see that, for N = 1 SO(2)
theories with no neutral scalar multiplets, Zκ = 1 has to hold universally for in our
sign convention. By the same token, we end up finding Zκ = ±1, 0 at most, with the
above limit taken if necessary and with wall-crossing possibilities, if a single neutral
scalar multiplet is present.
Reduction of the Path Integral
Let us now turn to the evaluation of
Ω3d = κ · Zκ + Ω0 , (4.15)
for a general superpotential. The two terms Ω0 and Zκ are computed from the two
additive pieces in the Pfaffian of the fermion bilinear, which for the current Abelian
problem has the simple form,
M(X, u) =
 −
κL1L2
2pi
ab (QX)νac
(XQ†)µdb ∂µ∂νWdc + uiQµν( · σi)dc
 . (4.16)
Ω0 results from the Pfaffian of this matrix with κL1L2 → 0 while Zκ is from the
piece linear in the Chern-Simons mass term on the upper-left corner. Therefore, the
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matrix relevant for Zκ is much simpler,
(Mκ)µν ≡ ∂µ∂νWdc + uiQµν( · σi)dc , (4.17)
which is the mass matrix for the matter fermions only; the κ-linear piece saturated
the gaugino zero modes. A useful decomposition of the entire Pfaffian is
Pf(M˜) = − κ˜
2pi
· Pf(M˜κ) +
∑
I
(Q ~XI) · Pf(M˜I) , (4.18)
where the latter sum leads to Ω0 being expressed as a sum over the flavor index
I = 1, · · · , Nf . We refer the readers to Section 3.3 for the complete details on the
latter sum.
In the end, we find that both Ω0 and Zκ are expressed as simple and factorized
Gaussian integrals with all the nontrivial information encoded in the integration
domain. In other words, we find an analog of (2.32) for the d = 3 Chern-Simons
gauge theory. One important point we need to emphasize is that, for d = 3 theories,
κ which enters our path integral approach is the UV one, as various examples below
will show. This is natural since we are evaluating the index in the small torus T3
limit, which effectively cuts off the infrared end of the path integral.
Gaussian Reduction for Zκ
The simpler form of Mκ suggests a further simplification for Zκ. As we show in
Appendix B, u’s are decoupled completely from the rest, for the computation of Zκ,
upon the following universal change of variables,
v = u , sA = ∂pAW , ~yI =
√
q2Iu
2 + (∂ρIW )
2 · ~xI , (4.19)
for β-scaled two-component charged matter ~xI of charge qI and neutral real scalar
pA, while the gauge holonomies u are left intact. This results in a clean decoupling
of u from the matter integral, leading to the factorized form of the second term in
(4.11). Note that this change of variables is the same one as in Section 3.2 where the
Witten index Ω of d = 1 massive gauge theory is computed.
The Jacobian to (4.19) turns out to be equal precisely to minus the Pfaffian of
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matter-only minor M˜κ,
Pf(M˜κ) = −Det
(
∂(~yI ,v)
∂(~xI ,u)
)
, (4.20)
the proof of which can be found in Appendix B. Simultaneously, the bosonic potential
is written in terms of new variables (4.19)
V˜bosonic =
1
2
dim(S)∑
A=1
s2A +
1
2
Nf∑
I=1
~y 2I . (4.21)
The bosonic potential V˜ is now independent of new three-dimensional holonomy
variable v. This leads to
Zκ = 1
(2pi)Nf+
dim(S)
2
∫
d2Nfy ddim(S)s exp
(
−1
2
∑
A
s2A −
1
2
∑
I
~y 2I
)
(4.22)
=
1
(2pi)
dim(S)
2
∫
ddim(S)s
∫ ∏
I
d(~y 2I /2) exp
(
−1
2
∑
A
s2A −
∑
I
(~y 2I /2)
)
because the integration domains of ~yI and sA are also independent of v in the end.
Please note that, for Zκ, the holonomy saddle is irrelevant. No saddle appears because
the integral is free along the v directions and the contribution from the holonomy
torus enters via its volume, as in (4.11).
In fact, this Gaussian integration for Zκ can be universally reduced to a reduced
theory with neutral scalar multiplets only on par with (2.32). If no neutral scalars
are present, on the other hand, in particular, we will see that Zκ = 1 universally. See
the next subsection for a derivation of this.
Gaussian Reduction for ΩΘ∗=0I
For ΩΘ∗I with a general superpotential, the computation proceeds exactly in the same
way as for those that entered d = 1 Ω in Section 3.3. Here we merely reiterate results
there for the sake of completeness, and shortly turn to Ω0 which must be built up
from ΩΘ∗I with the holonomy saddles taken into account. We will come back to this
in the last part of this subsection.
For ΩΘ∗=0I , we must resort to the alternate coordinate systems, introduced in
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Section 3.3. These can be summarized as Nf many sets of distinct coordinates,
labeled by I,
v = |qI ||~xI |u , sA = ∂pAW ,
~zI = (∂ρIW ) ~xI , ~yK( 6=I) =
√
q2Ku
2 + (∂ρKW )
2 · ~xK , (4.23)
to be used upon decomposing the Pfaffian for Ω0 into Nf many summands. As
was mentioned previously, the assumption W = W (ρI , PA) can be justified given
SO(2)Nf−1 flavor symmetries, which we believe to be innocuous for the purpose of
computing the index for massive theories.
For each doublet label I ∈ {1, · · · , Nf}, the same set of integration variables
is suggested as in (3.29), so that its Jacobian simplifies the κ˜-independent piece of
Pfaffian, denoted by (Q ~XI) · Pf(M˜I), as follows:
(Q ~XI) · Pf(M˜I)
∣∣∣∣ ∂(~x , p ,u)∂(~z, ~y , s ,v)
∣∣∣∣ = 1|qI |WI |~xI | = 1|qI | sgn(WI)|~zI | . (4.24)
We are yet to find a general analytical proof of this but have checked its veracity for
all examples in this note up to Nf = 3.
Also, unlike Zκ, the holonomy saddles become relevant and contribute additively
to Ω0, the κ-independent piece of the partition function. For instance, the I-th
contribution of the saddle at the origin ΩΘ∗=0I reads,
ΩΘ∗=0I =
1
(2pi)Nf+2+
dim(S)
2
∫
d3v d2(Nf−1)y d2zI ddim(S)s
1
|qI | sgn(WI)|~zI | e
−V˜bosonic
=
1
(2pi)2+
dim(S)
2
∫
d3v ddim(S)s
∫
d(~z2I/2)
∏
J 6=I
d(~y2J/2)
1
|qI | sgn(WI)|~zI | e
−V˜bosonic ,
(4.25)
with
V˜bosonic =
1
2
v2 +
1
2
dim(S)∑
A=1
s2A +
1
2
~z 2I +
1
2
∑
J 6=I
~y 2J , (4.26)
where again everything reduces to a Gaussian integral and all the nontrivial informa-
tion of the theory is transferred to the integration domain, on par with (2.32).
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Building Up Ω0 from Holonomy Saddles on T3
If there were no holonomy saddle except at Θ∗ = 0, i.e. if |qI | = 1 for all I, we would
have
Ω0 =
∑
I
ΩΘ∗=0I . (4.27)
More generally, however, we need to take account of holonomy saddles. We follow
the same logic of Section 3.2 by taking into account the additional holonomy saddles
due to the spatial T2 as well. For a d = 3 theory, the holonomy saddles are labeled
by three angles on the dual torus of T3: Θ∗ = Θl,m,n = (θl, θm, θn). One can have an
additive ΩΘ∗K contribution only if
θlqK ∈ 2piZ , θmqK ∈ 2piZ , θnqK ∈ 2piZ , (4.28)
for all three holonomies, determining the charged scalar multiplets ~XK that enter the
path integral contribution at Θ∗.
Let us denote the collection of such K’s, N∗ or Nl,m,n to be precise. We then
proceed in the same way for the reduced theory sitting at Θ∗, and find additive
contributions, ∑
K∈N∗
ΩΘ∗K , (4.29)
where the superscript Θ∗ indicates the low energy theory at the holonomy saddle,
obtained by removing all charged scalar multiplets such that qJθi/2pi is non-integral
at least for one of i = l,m, n. In fact, a necessary condition for Θ∗ to be a contributing
holonomy saddle for Abelian theories is that N∗ is not empty. As such, we have the
general routine,
Ω0 =
∑
Θ∗
∑
K∈N∗
ΩΘ∗K =
∑
l,m,n
∑
I
Ω
Θl,m,n
I δl,m,n(qI) , (4.30)
where the formal presence of the ill-defined Ω
Θl,m,n
I for I /∈ Nl,m,n is immaterial since
δl,m,n(qI) = δ qIθl
2pi
δ qIθm
2pi
δ qIθn
2pi
(4.31)
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is designed to vanish for such I’s, and is 1 if I = K ∈ Nl,m,n
This symbol also allows us to exchange the two summations as
Ω0 =
∑
I
∑
l,m,n
Ω
Θl,m,n
I δl,m,n(qI) . (4.32)
For SO(2) theories, there is a further simplification due to the fact that the holonomy
saddles share the common gauge group: the value of (4.25) is by and large independent
of the full charged scalar content, other than ~XI , so that
ΩΘ∗K∈N∗ = Ω
Θ∗=0
K , (4.33)
as we will see this more explicitly in Section 4.3 by evaluating these Gaussian integrals.
This happens because, in the end, ΩΘ∗I ’s are such that of all charged fields, only one
charged scalar multiplet XI meaningfully enters the result.
These two mean that we can formerly and safely replace Ω
Θl,m,n
I by Ω
Θ∗=0
I in (4.32)
for all I, factor out the (l,m, n) summation for the obvious identity,∑
l,m,n
δl,m,n(qI) = |qI |3 , (4.34)
and arrive at
Ω0 =
Nf∑
I=1
|qI |3 ΩΘ∗=0I , (4.35)
regardless of details of the SO(2) theory.
4.3 Index Theorem for SO(2) Chern-Simons-Matter
In (4.22) and (4.25), we have successfully reduced the path integrals of d = 3 N = 1
SO(2) Chern-Simons-Matter theories to ordinary Gaussian integrals, while (4.35) has
given a simple way to build up the matter contribution Ω0 from holonomy saddles
on T3. This means that the essence of the Witten index is transferred again to the
matter of understanding the images of the maps, (4.19) and (4.23), much as in (2.32).
These are still much cumbersome, so we will discuss how charged-matter integrals can
be performed universally, leaving behind only the neutral scalar images sA’s both for
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Zκ and for Ω0.
For this, we will restrict our attention to W (ρJ , PA) which is a polynomial of
ρJ = | ~XJ |2/2’s, and find
I3d = κ · Ωneutral +
∑
I
(
q2I
2
∑
a
n
(a)
I · sgn(WI(∆(a)I ))
)
. (4.36)
Let us explain various quantities in this formula. Ωneutral is the d = 1 Witten index
or the twisted partition function for the subsector consisting of the neutral scalar
multiplets only, in the sense of Section 2. In the double sum on the right hand
side, the inner sum is associated with the decomposition of the integral domains into
∪a∆(a)I , split by 0 = WI ≡ ∂ρIW , and n(a)I is an effective winding number associated
with the neutral part of the Gaussian variable sA = ∂pAW in the domain ∆
(a)
I . The
precise definition of n
(a)
I is a little more involved than Ωneutral, which we will discuss
presently.
If the neutral sector is absent altogether, in particular, the end result can be
obtained by a decoupling limit of theories with the neutral sector, such that the
index simplifies to
I3d = κ+
∑
I
(
q2I
2
· sgn(W∞I )
)
, (4.37)
where effectively only one “last” domain ∆∞I in the a-sum contributes with the unit
winding number. Note that we have already derived d = 1 version of the second
term, in Section 3.3, which differed by the absence of q2I in the summand. We will
dedicate this subsection to a proof of these two formulae.
Evaluation of Zκ
Despite the apparently factorized forms of (4.22) and (4.25), the subtlety lies with
the integration domain, determined entirely by W . Fortunately, the ~yJ variables are
such that for generic u,
σJ ≡
(
(∂ρJW )
2 + q2Ju
2
)
ρJ = |~yJ |2/2
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spans [0,+∞), as ρJ spans [0,+∞), effectively once if we take the orientation into
account. The biggest difference of the gauged version from (2.32) is the absence of
winding number in the charged sector. Although ~xJ → ~yJ in (4.19) looks like a map
R2Nf × · · · → R˜2Nf × · · · , it is in reality a map ρJ → σJ between RNf+ × · · · and
R˜Nf+ ×· · · since W = W (ρI = | ~XI |2/2, · · · ). Furthermore, the boundary ∪I{|~xI | = 0}
is mapped to the boundary ∪I{|~yI | = 0}.
This means that, regardless of how complicated might be the image of map σJ in
the wedge R˜Nf+ , the Gaussian integral over them eventually always reduces to∏
J
∫ ∞
0
d(~y2J/2)e
−(~yJ )2/2 =
∏
J
Γ(1) = 1 . (4.38)
In particular, this happens regardless of details of W , as long as the latter is smooth
and at least linearly divergent at large ρJ ’s.
What about the integration domain of sA’s? Consider the limit of very large pA,
while ~yJ are held fixed. Decomposing
W = WC(ρ) +WCN(ρ; p) +WN(p) , (4.39)
and concentrating on the order of magnitude only, we find
sA = ∂pAW = ∂pAWN +O(1/|p|) (4.40)
at large p’s and finite ~y’s, for polynomial W . The latter suppressed term can be
understood as, we have
|∂p(WCN)| ∼ |WCN||p| ∼
|~y|
|p| ·
WCN√|∂~x(WC +WCN)|2 + u2|~x|2 (4.41)
at large p and finite ~y. So, regardless of the potential complications from WCN,
only WN matters for the contributing s domains. We therefore conclude that the s
integrals collapse to a form as in (2.32) for a reduced theory involving {PA} only.
These observations translate to one of the following two possibilities: (1) If the
Chern-Simons theory contains no neutral field, we must find
Zκ = 1 . (4.42)
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This, in particular, implies that in theories with no neutral scalar multiplet, there is
always an SO(2) symmetric phase in d = 3, since otherwise the Witten index cannot
have κ contribution at all. (2) If the Chern-Simons theory comes with neutral matter
multiplets, Zκ is computed by the same formula as in (2.32) such that
Zκ = Ωneutral , (4.43)
which is obtained by removing the gauge sector and charged matter entirely. If the
latter does not give an integral result due to an asymptotic flat direction, one must
again scale up W by an arbitrary large and positive constant C, which in the end
will give an integral result as
Zκ = Ineutral = lim
C→∞
Ωneutral
∣∣∣∣
W→C·W
. (4.44)
For example, a d = 3 N = 2 SO(2) Chern-Simons theory, with the single real N = 1
scalar multiplet Σ embedded in the N = 2 vector and with charged N = 2 chirals
as the matter sector, one finds Zκ = −sgn(κ), leading to (4.9). Integrating out this
auxiliary Σ, while leaving the N = 2 matter sector intact, brings us back to the
canonical Zκ = 1 as in (4.42). In Section 4.4, we will confirm (4.44) explicitly for
more examples.
In fact, these results can be understood also from d = 3 Chern-Simons physics.
Recall that the κ-linear contributions come from the pure gauge dynamics at sym-
metric phases and also that our κ is the UV Chern-Simons level. At such symmetric
phases, the charged chirals can contribute to the index but only via an additive shift
of κ, which, for our SO(2) theories, can enter only via Ω0, however, cannot possibly
affect Zκ. This explains (4.42). On the other hand, the neutral matter multiplets
are decoupled from the gauge sector at the symmetric phase, once we integrate out
charged matters. This means the ground state sector of such neutral sector will have
to be tensored with those from the gauge sector, which in turn explains why one has
to find (4.43).
Evaluation of Ω0 =
∑
ΩΘ∗K
What can we say for Ω0, or more precisely for Ω
Θ∗=0
I , where Nf ~yJ ’s are replaced
by ~zI and Nf − 1 ~yK 6=I? The variable ~zI behaves very similarly as ~yK 6=I ’s except
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that the inverse image of ~zI = 0 includes the loci {~xJ |WI ≡ ∂ρIW = 0}, which split
RNf+ × Rdim(P ) into several domains,
RNf+ × Rdim(P ) = ∪a∆(a)I , (4.45)
with a definite sign of WI ≡ ∂IW in each such subdomain. Whether or not such a
domain contributes to ΩΘ∗=0I depends on how its boundary is mapped into the target
R˜Nf+ × R˜dim(S)=dim(P ) obviously spanned by
λI = ~z
2
I /2 , σK 6=I = ~y
2
K/2, sA . (4.46)
We may safely ignored v = |qI ||~xI |u in the following discussion.
For each domain, the boundary ∂∆
(a)
I sitting at finite values of the matter fields
consists of ρI = 0 or of ∂IW = 0, so the map in (4.23) from (ρJ , pA) to (λI , σK 6=I , sA)
induces a map f
(a)
I such that
f
(a)
I : ∂∆
(a)
I ↪→ ΥI ≡ {λI = 0, σK 6=I , sA} , (4.47)
since λI = (∂IW )
2ρI . Note that each of ΥI can be regarded as a copy of R˜
Nf−1
+ ×
R˜dim(S). Here we are freezing v = |qI ||~xI |u to a generic constant value, as its precise
value does not affect the classification below and the result of the integral below.
There are two logical possibilities where domain ∆
(a)
I can contribute to Ω0: (i)
f
(a)
I covers the entire ΥI n
(a)
I times, or (ii) f
(a)
I does not cover the entire ΥI but does
so n
(a)
I times if we scale up W → C ·W with an arbitrarily large positive number
C. When either of this happens, assuming polynomial form of W , one can see that
the image of ∆
(a)
I under the map (4.23) is the entire R˜
Nf
+ × R˜dim(S), so each Gaussian
integral over ∆
(a)
I contributes to Ω0 an additive piece
1
2|qI |n
(a)
I · sgn(W (a)I ) , (4.48)
although this requires the scaling in case of (ii). Summation over the domains give
ΩΘ∗=0I =
1
2|qI |
∑
a
n
(a)
I · sgn(W (a)I ) , (4.49)
62
while the entire Ω0 is constructed via (4.35) as
Ω0 =
∑
I
(
q2I
2
∑
a
n
(a)
I · sgn(W (a)I )
)
. (4.50)
This concludes the proof of (4.36).
Note that each and every term in the sum is a multiple of 1/2; this is consistent
with the fact that the Chern-Simons level shifts in unit of 1/2 due to the one-loop
correction by matters. Such a would-be one-loop contribution is embedded in Ω0 in
this path-integral computation, as was commented earlier.
What are the other possibilities other than (i) and (ii) above? The typical reason
why ∆
(a)
I fails to contribute is that the map f
(a)
I folds its image in ΥI in such a way
n
(a)
I = 0 effectively. Note that ρK 6=I = 0 always maps to σK = 0. This implies that
there is no winding number to consider in the charged matter sector. Instead, the
winding number comes from how pA gets mapped to sA, along ∂∆
(a)
I . Therefore, even
though things are a little more complicated compared to the Zκ computation, Ω0 is
again dictated by the winding numbers which are by and large determined by the
neutral matter sector. In fact, if the neutral sector is absent, at most one ∆
(a)
I for
each I may contribute because of this, as we will see below.
When there is only one P , on the other hand, the only possible winding number
is either n
(a)
I = ±1 or n(a)I = 0. To determine n(a)I , all one has to do is to trace how
s grows as one follows the two disjoint asymptotic ends of ∂∆
(a)
I . If s grows to the
two opposite infinities (after C scaling if necessary), we have n
(a)
I = ±1 and if not
n
(a)
I = 0. In Section 4.4, we will deal with a class of examples of this kind, and confirm
what we described here somewhat abstractly by a more explicit computation.
If the neutral field P ’s are absent altogether, the images (λI , σK 6=I) of these do-
mains simplify further. With u2 present, the inverse image of σK 6=I = 0 is simply
ρK 6=I = 0. This means that most of the above domains ∆
(a)
I are such that two adja-
cent locus of ∂IW = 0 are both mapped to λI = 0 and that the image folds itself in
R˜Nf+ . Once we take into account the orientation, the integration in (4.25) over such
∆
(a)
I would vanish; and the only outermost domain, with one boundary mapped to
λI =∞, contributes to the integral ΩΘ∗=0I .
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Calling this last domain ∆∞I , we have the universal contribution,
1
2|qI | · sgn(W∞I )
,
where the sign is unambiguously determined on the same outermost domain in space
RNf+ , spanned by ρJ . This in turn leads to
Ω0 =
∑
I
q2I
2
· sgn(W∞I ) , (4.51)
as claimed in (4.37).
4.4 Examples, Wall-Crossings, and Dualities
Here we will give a cursory look at a few examples. The goal is to solidify the general
formula by performing the explicit integration of the Gaussian formulae (4.22) and
(4.25), and in particular to give a little more concrete picture of the index formula
(4.36) by studying explicit examples. We will close with 3d N = 1 duality pairs by
showing how the index counting is consistent with the claimed dualities.
A word of caution is in order. Recall that the Witten index has an inherent
sign ambiguity. Sometimes, we may use (−1)F → (−1)J with J an unambiguously
defined integral fermion number, but no such is naturally available in our class of
theories with Majorana supercharges. Instead, we have adopted a sign convention
consistent with the standard Morse theory counting or the natural winding number
counting. This leads to Zκ = 1 for a pure N = 1 SO(2) gauge theory, in particular.
It is worthwhile to note that extending the same sign convention to d = 3 N = 2
Chern-Simons theories, with a single real N = 1 scalar multiplet Σ as part of the
N = 2 vector multiplet, we have Zκ = −sgn(κ). For example, the pure N = 2 SO(2)
Chern-Simons theory would have the index −|κ| in our convention.
SO(2) without Neutral Matters
For SO(2) theories with charged matters only and a generic superpotential of the
form W (ρI), the Gaussian integrals to be performed for Ω
Θ∗=0
I are in fact identical
to the ones already computed for d = 1 in Section 3.3. For Nf matters, Ω
Θ∗=0
I was
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originally computed in the d = 1 context, which we quote here again
ΩΘ∗=0I =
1
2|qI | · sgn(W
∞
I ) , (4.52)
and which went into the theorem (4.37). The simplest theory is the quadratic W =∑Nf
J=1mJρJ , which leads to
ΩΘ∗=0I =
1
2|qI | · sgn(mI) . (4.53)
Another example is the quartic W = cW (ρ − ξ)2/2 with a single charge q complex
scalar multiplet. We have
ΩΘ∗=0I =
1
2|q| · sgn(cW ) , (4.54)
for this example.
What do change are the holonomy saddles, which are more numerous in d = 3
than in d = 1; the net effect of them is now
Ω1d =
∑
I
|qI | ΩΘ∗=0I → Ω0 =
∑
I
|qI |3 ΩΘ∗=0I (4.55)
with the common quantities ΩΘ∗=0I shared by d = 1 and d = 3. This counting
(4.35) has been incorporated into the formulae (4.36) and (4.37). The truly new part
for d = 3 theories is Zκ, which in the previous subsection we have shown to be 1
universally if the neutral matters entirely are absent.
Combining these, one finds, for example,
I3d = κ+ 1
2
|q|2sgn(cW ) (4.56)
for the above quartic theory with a single charge q complex scalar multiplet, regardless
of the sign of ξ. Therefore, there is a wall-crossing at cW = 0 but none at ξ = 0. We
can view this result in the d = 3 perspective as follows. For ξ > 0 where we have
both the symmetric and the broken vacua, this result can be more physically written
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as
I3d(ξ>0) =
(
κ− 1
2
|q|2sgn(cW ξ)
)
+ |q|2sgn(cW ξ) , (4.57)
where the last term comes from the Higgs vacuum at ρ = ξ; q2 is due to so-many
holonomy choices along the spatial T2. The first two terms are interpreted due
to the quantum vacua sitting at the symmetric phase ρ = 0. The local matter
multiplet has the mass −cW ξ, hence the Chern-Simons level is shifted in the infrared
by −q2sgn(cW ξ)/2. With ξ < 0, where only symmetric vacua survive, the shift of the
Chern-Simons level is now −1
2
|q|2sgn(cW ξ) = 12 |q|2sgn(cW ). The entire index arises
from the infrared Chern-Simons level,
I3d(ξ<0) = κ+
1
2
|q|2sgn(cW ) , (4.58)
as expected.
We can in fact expand this discussion to theories with an arbitrary number of
charged matters, equipped with a radial superpotentialW (ρI). The index we compute
by a direct path integral would be
I3d = κ+
∑
I
q2I
2
· sgn(W∞I ) , (4.59)
where the sign of WI = ∂ρIW is measured at the corner of ρI → ∞, ρJ( 6=I) → 0+.
Again we can write this as
I3d =
(
κ+
∑
I
q2I
2
· sgn(mI)
)
+
∑
I
q2I
2
· (sgn(W∞I )− sgn(mI)) , (4.60)
where the first captures the shift of level κ in the symmetric phase, with the effective
mass mI of field XI at the symmetric vacuum. Among other things, this implies that
an SO(2) symmetric vacuum always exists, regardless of the details of W (ρI). For
generic W , the second piece, which is always integral, may be attributed to additional
Higgs vacua.
These mI ’s, which parameterize W , affect the infrared Chern-Simons level, which
in turn affects the contribution to the index from the symmetric phase. On the other
hand, the same parameters can affect where and how the broken vacua appear, and
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therefore also affect the contribution from Higgs vacua. This latter effect is reflected
in the second part of the above index formula. In the end, however, these parameter-
dependences of individual contributions cancel out, much as in the above quartic
model, and the index is independent of these mI ’s. Instead, the wall-crossing happens
only when the asymptotics of the above superpotential changes, in a very limited sense
via sgn(WI)’s. This should be contrasted to (2.32) where one can in principle have
an arbitrarily high winding number as the index. This is the consequence of the fact
that the effective domain of matter fields is RNf+ rather than R2Nf , as far as the map
dW induced by the superpotential goes.
SO(2) with Neutral Matters
With neutral matters present, we have seen in the previous subsection that the index
formula changes substantially in such a way certain winding numbers enter the final
formula. Here we will take one last example of type with a single neutral matter P
and the superpotential
W = P ·K(ρ) + L(ρ) + F (P ) . (4.61)
This may be regarded as a generalization of the WCPNf−1 model in Section 3.3, which
corresponds to the choice
K(ρ) =
Nf∑
I=1
qIρI , L(ρ) = 0 , F (P ) = −ξP . (4.62)
In d = 3, even if we start with the WCP model, the one-loop corrections to the
superpotential will typically generate quadratic terms in F (P ), as we will see at
the end of this subsection. Thus, here we consider a generic polynomial K(ρ), L(ρ)
and F (P ), which can include such one-loop corrections. With this general class of
examples, we aim at understanding quantities that appear in the index theorem (4.36)
a little more concretely.
As before, the Witten index consists of two parts: κ · Zκ and Ω0 =
∑
Θ∗
∑
I Ω
Θ∗
I .
We demonstrate the explicit computation of those two contributions and confirm the
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index theorem in the previous subsection. First let us look at κ · Zκ, given by
κ · Zκ = κ
(2pi)Nf+
7
2
∫
d3v ds d2Nfy exp
(
−1
2
s2 − 1
2
∑
J
~y2J
)
, (4.63)
where
v = u , s = K(ρ) + F ′(p) , ~yJ =
√
q2Ju
2 + (pKJ(ρ) + LJ(ρ))2 · ~xJ , (4.64)
with KJ =
∂K
∂ρJ
, LJ =
∂L
∂ρJ
and F ′(p) = dF
dp
. We note that the slice of constant
σJ = ~y
2
J/2 and constant v
2 is determined by
σJ =
(
q2Jv
2 + (pKJ(ρ) + LJ(ρ))
2) ρJ , for J = 1, . . . , Nf , (4.65)
in the (ρ, p)-space.
For the moment, we assume that, for given σJ and v
2, (4.65) has the unique
solution ρJ = fJ (p;σ,v
2) for J = 1, · · · , Nf . Then s is solely a function of p:
s = K
(
f
(
p;σ,v2
))
+ F ′(p) , (4.66)
which determines the image of the integration domain of p ∈ (−∞,∞) on the s-space
as follows:
s ∈
(
lim
p→−∞
[
K
(
f
(
p;σ,v2
))
+ F ′(p)
]
, lim
p→+∞
[
K
(
f
(
p;σ,v2
))
+ F ′(p)
])
. (4.67)
Since ρJ = fJ (p;σ,v
2) remains finite when p goes to ±∞, K(ρ), a polynomial of ρJ , is
also finite and negligible compared to F ′(p). Thus, we have the following integration
domain of s for fixed σJ and v
2:
s ∈
(
lim
p→−∞
F ′(p), lim
p→+∞
F ′(p)
)
, (4.68)
which is nothing but a consequence of (4.40). In general, (4.65) does not give
rise to the unique solution ρJ = fJ (p;σ,v
2) because the codimension-Nf , i.e., one-
dimensional, subspace defined by (4.65) in the (ρ, p)-space is rather arbitrary. Never-
theless, (4.64) defines a map from this one-dimensional space to the Gaussian variable
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s, whose image is given by, with σJ , v
2 fixed,
s ∈ {K(ρ) + F ′(p) |σJ = (q2Jv2 + (pKJ(ρ) + LJ(ρ))2) ρJ } . (4.69)
Since (4.65) restricts ρJ , and K(ρ) accordingly, to be finite, the image on s again
spans (4.68).
Note that (4.68) is independent of the fixed values of σJ and v
2. Thus, the
entire path integral decomposes into the decoupled integrals over σJ , v and s. The
integration domain of each σJ is nothing but R+ while that of v is T3 of volume
(2pi)3. Therefore, we are left with the index of the single neutral matter,
κ · Zκ = κ√
2pi
∫ F ′(p→∞)
F ′(p→−∞)
ds e−
1
2
s2
=

+κ , lim
p→−∞
F ′(p)→ −∞ and lim
p→∞
F ′(p)→ +∞ ,
0 , lim
p→−∞
F ′(p)→ ±∞ and lim
p→∞
F ′(p)→ ±∞ ,
−κ , lim
p→−∞
F ′(p)→ +∞ and lim
p→∞
F ′(p)→ −∞ ,
(4.70)
which agrees with the index theorem (4.44).
Next, we move on to Ω0 =
∑
Θ∗
∑
I Ω
Θ∗
I , which can be inferred entirely from
ΩΘ∗=0I =
1
(2pi)Nf+
5
2
∫
d3v ds d2zI d
2(Nf−1)y
1
|qI | sgn(WI)|~zI | exp(−V˜bosonic) (4.71)
with V˜bosonic = (v
2 + s2 + ~z2I +
∑
J 6=I ~y
2
J)/2 as before, where
v = |qI ||~xI |u = |qI |
√
2ρIu , s = K(ρ) + F
′(p) ,
~zI = (pKI(ρ) + LI(ρ))~xI , ~yJ(6=I) =
√
q2Ju
2 + (pKJ(ρ) + LJ(ρ))2 · ~xJ .
(4.72)
Again the slice of constant λI = ~z
2
I/2, σJ(6=I) = ~y
2
J/2 and v
2 in the (ρ, p)-space is
determined by
λI = (pKI(ρ) + LI(ρ))
2ρI , (4.73)
σJ( 6=I) =
(
q2J
q2I
v2
2ρI
+ (pKJ(ρ) + LJ(ρ))
2
)
ρJ . (4.74)
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In particular, (4.73) is equivalent to the following two equations
pKI(ρ) + LI(ρ) = ±
√
λI
ρI
, (4.75)
each of which, together with (4.74), defines the one-dimensional subspace in the (ρ, p)-
space. Let us denote those one-dimensional spaces by S(±)λI ,σJ . For (ρ, p) ∈ S
(±)
λI ,σJ
,
±WI = ±(pKI + LI) > 0 respectively. (4.72) maps (ρ, p) ∈ S(±)λI ,σJ to the Gaussian
variable s as follows:
s ∈
{
K(ρ) + F ′(p) | (ρ, p) ∈ S(±)λI ,σJ
}
, λI , σJ(6=I), v2 fixed. (4.76)
In the previous subsection, we argued that the domain of (ρ, p): RNf+ ×R is split into
several subdomains ∪a∆(a)I , each of which has a definite sign of WI . Indeed, each
S(±)λI ,σJ with extra directions from λI and σJ(6=I) spans each ∆
(±)
I ; i.e.,
∆
(±)
I =
{
(ρ, p) | (ρ, p) ∈ S(±)λI ,σJ for λI ∈ R+, σJ( 6=I) ∈ R+
}
, (4.77)
whose boundary is given by
∂∆
(±)
I = lim
λI→0
∆
(±)
I =
{
(ρ, p) | (ρ, p) ∈ S±0,σJ for σJ(6=I) ∈ R+
}
. (4.78)
To determine the image (4.76), we need to examine where the asymptotic regions of
S(±)λI ,σJ are mapped to.
We first note that, for fixed σJ(6=I) and v2, ρJ( 6=I) may diverge if
ρI →∞ , WJ = pKJ(ρ) + LJ(ρ)→ 0 (4.79)
simultaneously, which does not happen unless K(ρ) and L(ρ) are fine-tuned. Thus,
from now on, we assume that the potential is generic such that ρJ(6=I) is always finite
in S(±)λI ,σJ . Then the asymptotic regions of S
(±)
λI ,σJ
are characterized by either ρI or p
being infinity. Indeed, from (4.73), one can see that there are two asymptotic regions
of each S(±)λI ,σJ : {
ρI → 0 , p→ s(±)I ∞ ,
ρI →∞ , p→ p∗
(4.80)
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p⇤
<latexit sha1_base64="/YmnJ1dR mIJndM9wHaYJ/qvKSJo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSk CHosePFY0X5AG8tmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GW bmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03Aj sJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZK98njRb9ccavuHGSVeDm pQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6 pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaI wFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uslKv5X EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfugI2A </latexit><latexit sha1_base64="/YmnJ1dR mIJndM9wHaYJ/qvKSJo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSk CHosePFY0X5AG8tmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GW bmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03Aj sJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZK98njRb9ccavuHGSVeDm pQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6 pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaI wFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uslKv5X EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfugI2A </latexit><latexit sha1_base64="/YmnJ1dR mIJndM9wHaYJ/qvKSJo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSk CHosePFY0X5AG8tmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GW bmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03Aj sJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZK98njRb9ccavuHGSVeDm pQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6 pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaI wFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uslKv5X EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfugI2A </latexit><latexit sha1_base64="/YmnJ1dR mIJndM9wHaYJ/qvKSJo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBPJSk CHosePFY0X5AG8tmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GW bmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03Aj sJMopFEgsB2Mb2Z++wmV5rF8MJME/YgOJQ85o8ZK98njRb9ccavuHGSVeDm pQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6 pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaI wFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWreq5Ve/uslKv5X EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfugI2A </latexit>
p⇤ = 0 if k > l
<latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="hP+6LrUf 2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCoz bnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvS culLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8L gzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+ GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N +5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdma JNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9 CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="NJyuE0Bp D/SK26F8118shECeeBw=">AAAB9nicbZBLSwMxFIXv+Ky16uhKcBMsgrgo GTe6UQQ3LivYB7RjyaSZNjTzILkjlqFu/CtuXCjiT3HnvzF9LLT1QODjnI Sbe4JUSYOUfjtLyyura+uFjeJmaWt7x90t1U2SaS5qPFGJbgbMCCVjUUOJ SjRTLVgUKNEIBtfjvPEgtJFJfIfDVPgR68UylJyhtTrufnp/Qi4oaaN4xJz IkIzIgFwS1XHLtEInIovgzaAMM1U77le7m/AsEjFyxYxpeTRFP2caJVdiV GxnRqSMD1hPtCzGLBLGzycbjMiRdbokTLQ9MZKJ+/tFziJjhlFgb0YM+2Y +G5v/Za0Mw3M/l3GaoYj5dFCYKYIJGddBulILjmpogXEt7V8J7zPNONrSir YEb37lRaifVjxa8W4pFOAADuEYPDiDK7iBKtSAwxO8wBu8O8/Oq/MxrWvJ mfW2B3/kfP4A6dmTcQ==</latexit><latexit sha1_base64="NJyuE0Bp D/SK26F8118shECeeBw=">AAAB9nicbZBLSwMxFIXv+Ky16uhKcBMsgrgo GTe6UQQ3LivYB7RjyaSZNjTzILkjlqFu/CtuXCjiT3HnvzF9LLT1QODjnI Sbe4JUSYOUfjtLyyura+uFjeJmaWt7x90t1U2SaS5qPFGJbgbMCCVjUUOJ SjRTLVgUKNEIBtfjvPEgtJFJfIfDVPgR68UylJyhtTrufnp/Qi4oaaN4xJz IkIzIgFwS1XHLtEInIovgzaAMM1U77le7m/AsEjFyxYxpeTRFP2caJVdiV GxnRqSMD1hPtCzGLBLGzycbjMiRdbokTLQ9MZKJ+/tFziJjhlFgb0YM+2Y +G5v/Za0Mw3M/l3GaoYj5dFCYKYIJGddBulILjmpogXEt7V8J7zPNONrSir YEb37lRaifVjxa8W4pFOAADuEYPDiDK7iBKtSAwxO8wBu8O8/Oq/MxrWvJ mfW2B3/kfP4A6dmTcQ==</latexit><latexit sha1_base64="eXCVyTRF wcepfcpNlFmr3LSundA=">AAACAXicbVA9SwNBEN2LXzF+ndoINotBEIuw l0YbJWBjGcF8QBLD3mYvWbK3d+zOieGIjX/FxkIRW/+Fnf/GTXKFJj4YeL w3w8w8P5bCACHfTm5peWV1Lb9e2Njc2t5xd/fqJko04zUWyUg3fWq4FIrX QIDkzVhzGvqSN/zh1cRv3HNtRKRuYRTzTkj7SgSCUbBS1z2I707xBcFt4A+ QYhHgMR7iSyy7bpGUyBR4kXgZKaIM1a771e5FLAm5AiapMS2PxNBJqQbBJ B8X2onhMWVD2uctSxUNuemk0w/G+NgqPRxE2pYCPFV/T6Q0NGYU+rYzpDA w895E/M9rJRCcd1Kh4gS4YrNFQSIxRHgSB+4JzRnIkSWUaWFvxWxANWVgQy vYELz5lxdJvVzySMm7IcVKOYsjjw7RETpBHjpDFXSNqqiGGHpEz+gVvTlP zovz7nzMWnNONrOP/sD5/AFKq5TJ</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit><latexit sha1_base64="Iv4PV2HO Gkz3KqVQ/QirSv1Kj9E=">AAACAXicbVDJSgNBEK1xjXEb9SJ4aQyCeAgz QdCLEvDiMYJZIBlDT6cnadKz0F0jhiFe/BUvHhTx6l9482/sLAdNfFDweK +Kqnp+IoVGx/m2FhaXlldWc2v59Y3NrW17Z7em41QxXmWxjFXDp5pLEfEq CpS8kShOQ1/yut+/Gvn1e660iKNbHCTcC2k3EoFgFI3UtveTuxNy4ZAW8gf MiAjIkPTJJZFtu+AUnTHIPHGnpABTVNr2V6sTszTkETJJtW66ToJeRhUKJ vkw30o1Tyjr0y5vGhrRkGsvG38wJEdG6ZAgVqYiJGP190RGQ60HoW86Q4o 9PeuNxP+8ZorBuZeJKEmRR2yyKEglwZiM4iAdoThDOTCEMiXMrYT1qKIMTW h5E4I7+/I8qZWKrlN0b04L5dI0jhwcwCEcgwtnUIZrqEAVGDzCM7zCm/Vk vVjv1sekdcGazuzBH1ifP0vrlM0=</latexit>
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<latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2Xi cbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9N mo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9L iwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSb G29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6uuYva+9StYc5DSMfHzGGSAUE/U=">AAAB3Xi cbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6Pqm eVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q2kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr 93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7Ir IVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHyjaLpA==</latexit><latexit sha1_base64="6uuYva+9StYc5DSMfHzGGSAUE/U=">AAAB3Xi cbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6Pqm eVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q2kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr 93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7Ir IVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHyjaLpA==</latexit><latexit sha1_base64="NffrcI9DX+doS9WnH/lYzVI/JRY=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0k8qMeCF48tmLbQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8O j6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkbu53nlBpnsgHM00xiOlI8ogzaqzU0oNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM 4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmb TcWG4K2+vE7aV3XPrXstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfZyYzn</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2Xi cbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9N mo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9L iwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSb G29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6uuYva+9StYc5DSMfHzGGSAUE/U=">AAAB3Xi cbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6Pqm eVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q2kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr 93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7Ir IVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHyjaLpA==</latexit><latexit sha1_base64="6uuYva+9StYc5DSMfHzGGSAUE/U=">AAAB3Xi cbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6Pqm eVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q2kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr 93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7Ir IVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHyjaLpA==</latexit><latexit sha1_base64="NffrcI9DX+doS9WnH/lYzVI/JRY=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0k8qMeCF48tmLbQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8O j6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkbu53nlBpnsgHM00xiOlI8ogzaqzU0oNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM 4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmb TcWG4K2+vE7aV3XPrXstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfZyYzn</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2Xi cbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9N mo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9L iwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSb G29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6uuYva+9StYc5DSMfHzGGSAUE/U=">AAAB3Xi cbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6Pqm eVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q2kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr 93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7Ir IVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHyjaLpA==</latexit><latexit sha1_base64="6uuYva+9StYc5DSMfHzGGSAUE/U=">AAAB3Xi cbZBLSwMxFIXv+Ky1anXrJlgEV2XGjS4FNy5bsA9oh5JJ77SxmcyQ3BHK0F/gxoUi/i13/hvTx0JbDwQ+zknIvSfKlLTk+9/e1vbO7t5+6aB8WDk6Pqm eVto2zY3AlkhVaroRt6ikxhZJUtjNDPIkUtiJJvfzvPOMxspUP9I0wzDhIy1jKTg5q2kH1Zpf9xdimxCsoAYrNQbVr/4wFXmCmoTi1vYCP6Ow4IakUDgr 93OLGRcTPsKeQ80TtGGxGHTGLp0zZHFq3NHEFu7vFwVPrJ0mkbuZcBrb9Wxu/pf1copvw0LqLCfUYvlRnCtGKZtvzYbSoCA1dcCFkW5WJsbccEGum7Ir IVhfeRPa1/XArwdNH0pwDhdwBQHcwB08QANaIADhBd7g3XvyXr2PZV1b3qq3M/gj7/MHyjaLpA==</latexit><latexit sha1_base64="NffrcI9DX+doS9WnH/lYzVI/JRY=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0k8qMeCF48tmLbQhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5YSq4Nq777ZQ2Nre2d8q7lb39g8O j6vFJWyeZYuizRCSqG1KNgkv0DTcCu6lCGocCO+Hkbu53nlBpnsgHM00xiOlI8ogzaqzU0oNqza27C5B14hWkBgWag+pXf5iwLEZpmKBa9zw3NUFOleFM 4KzSzzSmlE3oCHuWShqjDvLFoTNyYZUhiRJlSxqyUH9P5DTWehqHtjOmZqxXvbn4n9fLTHQb5FymmUHJlouiTBCTkPnXZMgVMiOmllCmuL2VsDFVlBmb TcWG4K2+vE7aV3XPrXstt9a4LuIowxmcwyV4cAMNuIcm+MAA4Rle4c15dF6cd+dj2VpyiplT+APn8wfZyYzn</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit><latexit sha1_base64="Tn1YWE8A1lVXENyx3iRN2iirm3w=">AAAB6Hi cbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weF R+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipqQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZ wFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2 m5INwVt9eZ20r6qeW/Wa15V6LY+jCGdwDpfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/bCYzr</latexit>
(a) k = degK   degL = l
<latexit sha1_b ase64="CBZE3rfZCNwy40HD5ER7bh c3R3E=">AAACHHicbZA9SwNBEIb3/ IzxK2ppsxiECBLuEkEbQbARtIhgEi F3hL3NJC7Z+3B3TgxHfoiNf8XGQhEb C8F/4ya5Qo0vLLw8M8PsvH4shUbb/ rJmZufmFxZzS/nlldW19cLGZkNHie JQ55GM1LXPNEgRQh0FSriOFbDAl9D 0+6ejevMOlBZReIWDGLyA9ULRFZyh Qe1C1UW4x7TE9obU3ad9ejwBHegN6 Tl1e3BLf5ALekxlu1C0y/ZYdNo4mS mSTLV24cPtRDwJIEQumdYtx47RS5lC wSUM826iIWa8z3rQMjZkAWgvHR83p LuGdGg3UuaFSMf050TKAq0HgW86A4 Y3+m9tBP+rtRLsHnmpCOMEIeSTRd1 EUozoKCnaEQo4yoExjCth/kr5DVOM o8kzb0Jw/p48bRqVslMtVy4PiieVL I4c2SY7pEQcckhOyBmpkTrh5IE8kR fyaj1az9ab9T5pnbGymS3yS9bnNzQf oCM=</latexit>
(b) k < l
<latexit sha1_b ase64="chWUaZIWLESLbc7NQKfK8d Xi4HQ=">AAAB/HicbVBNS8NAEN34W etXtEcvi0WoICWpgh48FLx4rGA/oA lls922SzebsDsRQ6h/xYsHRbz6Q7z5 b9y2OWjrg4HHezPMzAtiwTU4zre1s rq2vrFZ2Cpu7+zu7dsHhy0dJYqyJo 1EpDoB0UxwyZrAQbBOrBgJA8Hawfh m6rcfmNI8kveQxswPyVDyAacEjNSz Sx6wR8gqwekEe2d4jK+x6Nllp+rMg JeJm5MyytHo2V9eP6JJyCRQQbTuuk 4MfkYUcCrYpOglmsWEjsmQdQ2VJGTa z2bHT/CJUfp4EClTEvBM/T2RkVDrN AxMZ0hgpBe9qfif101gcOVnXMYJME nniwaJwBDhaRK4zxWjIFJDCFXc3Ir piChCweRVNCG4iy8vk1at6p5Xa3cX 5Xotj6OAjtAxqiAXXaI6ukUN1EQUp egZvaI368l6sd6tj3nripXPlNAfWJ 8/bRKTRA==</latexit>
(c) when F (p) has higher-order terms
<latexit sha1_base64="k+bYMB7SjFt+vczSTl9yxZf/58c=">AAACFni cbVDLSgNBEJz1GeMr6tHLYCLEg2E3CnoMCOIxgtFAEsLspJMdnJ1dZnrVsOQrvPgrXjwo4lW8+TdOHgdNLGgoqrrp7vJjKQy67rczN7+wuLScWcmurq1 vbOa2tq9NlGgONR7JSNd9ZkAKBTUUKKEea2ChL+HGvz0b+jd3oI2I1BX2Y2iFrKdEV3CGVmrnDpsID5gW+QG9D0DRwnkxPijQgBkaiF4A+jDSHdAUQYdm 0M7l3ZI7Ap0l3oTkyQTVdu6r2Yl4EoJCLpkxDc+NsZUyjYJLGGSbiYGY8VvWg4alioVgWunorQHdt0qHdiNtSyEdqb8nUhYa0w992xkyDMy0NxT/8xoJ dk9bqVBxgqD4eFE3kRQjOsyIdoQGjrJvCeNa2FspD5hm3KZgsjYEb/rlWXJdLnlHpfLlcb5SnsSRIbtkjxSJR05IhVyQKqkRTh7JM3klb86T8+K8Ox/j1 jlnMrND/sD5/AHv9p32</latexit>
(d) when F (p) is linear
<latexit sha1_base64="v10Yig6CTMGPFupUx5grrIeS0ok=">AAACCni cbVA9SwNBEN3z2/h1ammzGoWkCXdR0DIgiKWCSYTkCHubiVmyt3fszqnhSG3jX7GxUMTWX2Dnv3EvpvDrwcDjvZndmRcmUhj0vA9nanpmdm5+YbGwtLy yuuaubzRMnGoOdR7LWF+GzIAUCuooUMJlooFFoYRmODjO/eY1aCNidYHDBIKIXSnRE5yhlTrudhvhFrNSt0zpTR8U3T0pJeVdKgzNn2R61HGLXsUbg/4l /oQUyQRnHfe93Y15GoFCLpkxLd9LMMiYRsEljArt1EDC+IBdQctSxSIwQTY+ZUT3rNKlvVjbUkjH6veJjEXGDKPQdkYM++a3l4v/ea0Ue0dBJlSSIij+ 9VEvlRRjmudCu0IDRzm0hHEt7K6U95lmHG16BRuC//vkv6RRrfj7ler5QbFWncSxQLbIDikRnxySGjklZ6ROOLkjD+SJPDv3zqPz4rx+tU45k5lN8gPO2 ydHdJiv</latexit>
⇢1
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<latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2Xi cbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9N mo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9L iwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSb G29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="y0I6zucIupRduCWubTRGk/m1mQ8=">AAACMni cbVC7SgNBFL3rM8ZXtLUZFCGihF0bbQRBC0sVY5RsXGYnNzo4+2DmrhCW/TEb/8HOzsZCEb/B2ZhCEw8MHM6ZmXvuCVMlDbnuizMxOTU9M1uZq84vLC4 t11YWLk2SaYFNkahEX4XcoJIxNkmSwqtUI49Cha3w/qj0Ww+ojUziC+qn2In4bSx7UnCyUlC7qDN/h/khCp4ZZNdB7h+jIh54N3l9e6so2AHzSaou5n7E 6S4M2XkRbJdahGbcKn/bCmobbsMdgI0Tb0g2YIjToPbsdxORRRiTUNyYtuem1Mm5JikUFlXfZku5uOe32LY05nZ2Jx9sX7BNq3RZL9H2xMQG6u8XOY+M 6UehvVnGNKNeKf7ntTPq7XdyGacZYSx+BvUyxShhZZWsKzUKUn1LuNDSZmXijmsuyBZetSV4oyuPk8vdhuc2vDMXKrAG61AHD/bgEE7gFJog4BFe4R0+n Cfnzfn8qWvCGfa2Cn/gfH0DT9Kq4Q==</latexit><latexit sha1_base64="y0I6zucIupRduCWubTRGk/m1mQ8=">AAACMni cbVC7SgNBFL3rM8ZXtLUZFCGihF0bbQRBC0sVY5RsXGYnNzo4+2DmrhCW/TEb/8HOzsZCEb/B2ZhCEw8MHM6ZmXvuCVMlDbnuizMxOTU9M1uZq84vLC4 t11YWLk2SaYFNkahEX4XcoJIxNkmSwqtUI49Cha3w/qj0Ww+ojUziC+qn2In4bSx7UnCyUlC7qDN/h/khCp4ZZNdB7h+jIh54N3l9e6so2AHzSaou5n7E 6S4M2XkRbJdahGbcKn/bCmobbsMdgI0Tb0g2YIjToPbsdxORRRiTUNyYtuem1Mm5JikUFlXfZku5uOe32LY05nZ2Jx9sX7BNq3RZL9H2xMQG6u8XOY+M 6UehvVnGNKNeKf7ntTPq7XdyGacZYSx+BvUyxShhZZWsKzUKUn1LuNDSZmXijmsuyBZetSV4oyuPk8vdhuc2vDMXKrAG61AHD/bgEE7gFJog4BFe4R0+n Cfnzfn8qWvCGfa2Cn/gfH0DT9Kq4Q==</latexit><latexit sha1_base64="7tQC8482gVdoTo4x7gNvpBWIQzE=">AAACPXi cbVA9SwNBEN3zM8avU0ubxSAkRMKdjTaCoIVllMQPcvHY20x0ce+D3TkhHPfHbPwPdnY2ForY2rqXpFDjg4XHezM7My9IpNDoOM/W1PTM7Nx8aaG8uLS 8smqvrZ/rOFUc2jyWsboMmAYpImijQAmXiQIWBhIugrujwr+4B6VFHLVwkEA3ZDeR6AvO0Ei+3apSb4d6AXCWaqBXfuYdg0Tmu9dZtV7Lc3pAPRSyB5kX MrwNAnqW+/VCC0FPWsVvNd+uOA1nCDpJ3DGpkDGavv3k9WKehhAhl0zrjusk2M2YQsEl5GXP7JYwfsduoGNoxMzsbja8PqfbRunRfqzMi5AO1Z8dGQu1 HoSBqSzW1H+9QvzP66TY3+9mIkpShIiPBvVTSTGmRZS0JxRwlANDGFfC7Er5LVOMowm8bEJw/548Sc53G67TcE+dyqEzjqNENskWqRKX7JFDckKapE04e SAv5I28W4/Wq/VhfY5Kp6xxzwb5BevrG6mmrHM=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit><latexit sha1_base64="5iioIlE0gu75VK14HCjEydKfjQs=">AAACPXi cbVA9SwNBEN3z2/gVtbRZDEJECXciaCMIWlhGyZfk4rG3meiSvQ9254Rw3B+z8T/Y2dlYKGJr616SQo0PFh7vzezMPD+WQqNtP1tT0zOzc/MLi4Wl5ZX VteL6RkNHieJQ55GMVMtnGqQIoY4CJbRiBSzwJTT9/lnuN+9BaRGFNRzE0AnYbSh6gjM0kleslam7T10fOEs00Gsvdc9BIvOcm7S8t5tl9IS6KGQXUjdg eOf79Crz9nItAD1p5b/tesWSXbGHoJPEGZMSGaPqFZ/cbsSTAELkkmndduwYOylTKLiErOCa3WLG++wW2oaGzMzupMPrM7pjlC7tRcq8EOlQ/dmRskDr QeCbynxN/dfLxf+8doK9404qwjhBCPloUC+RFCOaR0m7QgFHOTCEcSXMrpTfMcU4msALJgTn78mTpHFQceyKc3lYOrXHcSyQLbJNysQhR+SUXJAqqRNOH sgLeSPv1qP1an1Yn6PSKWvcs0l+wfr6BqrmrHc=</latexit>
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<latexit sha1_base64="f3b5hIqhcJAhqYue160UPAhcXkQ=">AAACU3icbVFNT9tAEF0bStO0QNoeuayIkI JAkY2QyhEpPXAE1PChbGqt15Nkydpr7Y6pIsv/ESFx4I/0wqFdhxyAMNJKT+/N6M28jXMlLQbBo+evrH5Y+9j41Pz8ZX1js/X124XVhRHQF1ppcxVzC0pm0EeJCq5yAzyNFVzG016tX96CsVJnv3CWwzDl40yOpODoqKh106Fs nzKcgIGRNkCvo7JHmUg0UvYTFPIo/F12WJ7uVhVlRo4nyI3Rf9yMVAmULOU4iWN6XkV7NZeCXZZqj92o1Q66wbzoMggXoE0WdRq17lmiRZFChkJxawdhkOOw5AalUFA1WWEh52LKxzBwMOPOe1jOM6nojmMS6k5yL0M6Z19OlD y1dpbGrrNe077VavI9bVDg6GhYyiwvEDLxbDQqFEVN64BpIg0IVDMHuDDS7UrFhBsu0H1D04UQvj15GVwcdMOgG54dto8PFnE0yBbZJh0Skh/kmJyQU9IngtyRv+SfR7wH78n3/dXnVt9bzHwnr8pf/w8R57JE</latexit><latexit sha1_base64="f3b5hIqhcJAhqYue160UPAhcXkQ=">AAACU3icbVFNT9tAEF0bStO0QNoeuayIkI JAkY2QyhEpPXAE1PChbGqt15Nkydpr7Y6pIsv/ESFx4I/0wqFdhxyAMNJKT+/N6M28jXMlLQbBo+evrH5Y+9j41Pz8ZX1js/X124XVhRHQF1ppcxVzC0pm0EeJCq5yAzyNFVzG016tX96CsVJnv3CWwzDl40yOpODoqKh106Fs nzKcgIGRNkCvo7JHmUg0UvYTFPIo/F12WJ7uVhVlRo4nyI3Rf9yMVAmULOU4iWN6XkV7NZeCXZZqj92o1Q66wbzoMggXoE0WdRq17lmiRZFChkJxawdhkOOw5AalUFA1WWEh52LKxzBwMOPOe1jOM6nojmMS6k5yL0M6Z19OlD y1dpbGrrNe077VavI9bVDg6GhYyiwvEDLxbDQqFEVN64BpIg0IVDMHuDDS7UrFhBsu0H1D04UQvj15GVwcdMOgG54dto8PFnE0yBbZJh0Skh/kmJyQU9IngtyRv+SfR7wH78n3/dXnVt9bzHwnr8pf/w8R57JE</latexit><latexit sha1_base64="f3b5hIqhcJAhqYue160UPAhcXkQ=">AAACU3icbVFNT9tAEF0bStO0QNoeuayIkI JAkY2QyhEpPXAE1PChbGqt15Nkydpr7Y6pIsv/ESFx4I/0wqFdhxyAMNJKT+/N6M28jXMlLQbBo+evrH5Y+9j41Pz8ZX1js/X124XVhRHQF1ppcxVzC0pm0EeJCq5yAzyNFVzG016tX96CsVJnv3CWwzDl40yOpODoqKh106Fs nzKcgIGRNkCvo7JHmUg0UvYTFPIo/F12WJ7uVhVlRo4nyI3Rf9yMVAmULOU4iWN6XkV7NZeCXZZqj92o1Q66wbzoMggXoE0WdRq17lmiRZFChkJxawdhkOOw5AalUFA1WWEh52LKxzBwMOPOe1jOM6nojmMS6k5yL0M6Z19OlD y1dpbGrrNe077VavI9bVDg6GhYyiwvEDLxbDQqFEVN64BpIg0IVDMHuDDS7UrFhBsu0H1D04UQvj15GVwcdMOgG54dto8PFnE0yBbZJh0Skh/kmJyQU9IngtyRv+SfR7wH78n3/dXnVt9bzHwnr8pf/w8R57JE</latexit><latexit sha1_base64="f3b5hIqhcJAhqYue160UPAhcXkQ=">AAACU3icbVFNT9tAEF0bStO0QNoeuayIkI JAkY2QyhEpPXAE1PChbGqt15Nkydpr7Y6pIsv/ESFx4I/0wqFdhxyAMNJKT+/N6M28jXMlLQbBo+evrH5Y+9j41Pz8ZX1js/X124XVhRHQF1ppcxVzC0pm0EeJCq5yAzyNFVzG016tX96CsVJnv3CWwzDl40yOpODoqKh106Fs nzKcgIGRNkCvo7JHmUg0UvYTFPIo/F12WJ7uVhVlRo4nyI3Rf9yMVAmULOU4iWN6XkV7NZeCXZZqj92o1Q66wbzoMggXoE0WdRq17lmiRZFChkJxawdhkOOw5AalUFA1WWEh52LKxzBwMOPOe1jOM6nojmMS6k5yL0M6Z19OlD y1dpbGrrNe077VavI9bVDg6GhYyiwvEDLxbDQqFEVN64BpIg0IVDMHuDDS7UrFhBsu0H1D04UQvj15GVwcdMOgG54dto8PFnE0yBbZJh0Skh/kmJyQU9IngtyRv+SfR7wH78n3/dXnVt9bzHwnr8pf/w8R57JE</latexit>
W1 = pK1 + L1 = 0
<latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="hP+6LrUf 2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCoz bnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvS culLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8L gzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+ GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N +5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdma JNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9 CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="YLas+WlK A7VTb+E80v1WUHSjB6s=">AAAB8nicbVDLSgMxFL1TX7VWHcWdm2ARBKFk 3OhGENwIuqhgH9AOQybNtKGZzJBkhDoUf8WNC0X8GHf+jem0C209cMm559 yQmxOmgmuD8bdTWlldW98ob1a2qts7u+5etaWTTFHWpIlIVCckmgkuWdNw I1gnVYzEoWDtcHQ99duPTGmeyAczTpkfk4HkEafEWClwD9qBhy5RemuPU3R XNDhwa7iOC6Bl4s1JDeZoBO5Xr5/QLGbSUEG07no4NX5OlOFUsEmll2mWE joiA9a1VJKYaT8vtp+gY6v0UZQoW9KgQv19Iyex1uM4tJMxMUO96E3F/7x uZqILP+cyzQyTdPZQlAlkEjSNAvW5YtSIsSWEKm53RXRIFKHGBlaxIXiLX1 4mrbO6h+vePYYyHMIRnIAH53AFN9CAJlB4ghd4g3fn2Xl1PmZxlZx5bvvw B87nD1UykK4=</latexit><latexit sha1_base64="YLas+WlK A7VTb+E80v1WUHSjB6s=">AAAB8nicbVDLSgMxFL1TX7VWHcWdm2ARBKFk 3OhGENwIuqhgH9AOQybNtKGZzJBkhDoUf8WNC0X8GHf+jem0C209cMm559 yQmxOmgmuD8bdTWlldW98ob1a2qts7u+5etaWTTFHWpIlIVCckmgkuWdNw I1gnVYzEoWDtcHQ99duPTGmeyAczTpkfk4HkEafEWClwD9qBhy5RemuPU3R XNDhwa7iOC6Bl4s1JDeZoBO5Xr5/QLGbSUEG07no4NX5OlOFUsEmll2mWE joiA9a1VJKYaT8vtp+gY6v0UZQoW9KgQv19Iyex1uM4tJMxMUO96E3F/7x uZqILP+cyzQyTdPZQlAlkEjSNAvW5YtSIsSWEKm53RXRIFKHGBlaxIXiLX1 4mrbO6h+vePYYyHMIRnIAH53AFN9CAJlB4ghd4g3fn2Xl1PmZxlZx5bvvw B87nD1UykK4=</latexit><latexit sha1_base64="BuMJq225 Fqe4/lEXUNNZTsra9Cw=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRZBEMpM N7oRCm4EXVSwD2iHIZNm2tBMZkgyQh2Kv+LGhSJu/Q93/o3pdBbaeiDk5J x7uTcnSDhT2nG+raXlldW19dJGeXNre2fX3ttvqTiVhDZJzGPZCbCinAna 1Exz2kkkxVHAaTsYXU399gOVisXiXo8T6kV4IFjICNZG8u3Dtu+iS5TcmOs M3eYPx7crTtXJgRaJW5AKFGj49levH5M0okITjpXquk6ivQxLzQink3IvV TTBZIQHtGuowBFVXpZvP0EnRumjMJbmCI1y9XdHhiOlxlFgKiOsh2rem4r /ed1UhxdexkSSairIbFCYcqRjNI0C9ZmkRPOxIZhIZnZFZIglJtoEVjYhuP NfXiStWtV1qu6dU6nXijhKcATHcAounEMdrqEBTSDwCM/wCm/Wk/VivVsf s9Ilq+g5gD+wPn8AmCCSAg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit><latexit sha1_base64="oPeD7R0Z 1w3BrdcIRtdnxTz54Qw=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIglBm iqAboeBG0EUF+4B2GDJppg3NZIYkI9Sh+CtuXCji1v9w59+YtrPQ1gMhJ+ fcy705QcKZ0o7zbRWWlldW14rrpY3Nre0de3evqeJUEtogMY9lO8CKciZo QzPNaTuRFEcBp61geDXxWw9UKhaLez1KqBfhvmAhI1gbybcPWr6LLlFyY65 TdDt9OL5ddirOFGiRuDkpQ466b391ezFJIyo04Vipjusk2suw1IxwOi51U 0UTTIa4TzuGChxR5WXT7cfo2Cg9FMbSHKHRVP3dkeFIqVEUmMoI64Ga9yb if14n1eGFlzGRpJoKMhsUphzpGE2iQD0mKdF8ZAgmkpldERlgiYk2gZVMCO 78lxdJs1pxnYp7d1auVfM4inAIR3ACLpxDDa6hDg0g8AjP8Apv1pP1Yr1b H7PSgpX37MMfWJ8/mWCSBg==</latexit>
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Figure 2: The domain decomposition and mapping under reparameterization (4.23)
for ΩI=1 of W = P ·K(ρ)+L(ρ)+F (P ) theory. The angular part and other directions
such as ρI≥2, σI≥2 are ignored to avoid the clutter.
where s
(±)
I is defined by
s
(±)
I = ±sgn limρI→0
(
KI(ρ)|S±λI ,σJ
)
. (4.81)
p∗ is either finite or infinite depending on the details of K(ρ) and L(ρ). In particular,
assuming
K(ρ) ≈ αρkI , L(ρ) ≈ βρlI , (4.82)
for large ρI , i.e., the highest order terms in ρI is independent of the other ρJ(6=I), p∗
is given by
p∗ = lim
ρI→∞
(
p|S(±)λI ,σJ
)
≈ − lβ
kα
ρl−kI , (4.83)
which diverges if l > k and remains finite if k ≥ l. See Figure 2 (a) and (b).
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The image on the s-space is thus given by
s ∈
{
K(ρ) + F ′(p) | (ρ, p) ∈ S(±)λI ,σJ
}
=
(
lim
p→−∞
F ′(p), lim
ρI→∞
K(ρ) + lim
p→p∗
F ′(p)
)
∪
(
lim
ρI→∞
K(ρ) + lim
p→p∗
F ′(p), lim
p→+∞
F ′(p)
)
.
(4.84)
with sgn(WI) = s
(−)
I or sgn(WI) = s
(+)
I for each segment respectively. Again this is
independent of the fixed values of λI , σJ(6=I) and v2. Thus, the entire path integral
decomposes into the decoupled Gaussian integrals over ~zI , ~yJ(6=I), v and s. In the
end, we are left with
ΩΘ∗=0I =
s
(−)
I
2|qI |
1√
2pi
∫ K(ρI→∞)+F ′(p→p∗)
F ′(p→−∞)
ds e−
1
2
s2 +
s
(+)
I
2|qI |
1√
2pi
∫ F ′(p→+∞)
K(ρI→∞)+F ′(p→p∗)
ds e−
1
2
s2
(4.85)
where each integral with prefactor 1√
2pi
gives the winding number of the map
f
(±)
I : ∂∆
(±)
I ↪→
{
λI = 0, σJ(6=I), s
}
(4.86)
induced from (4.72), which is either ±1 or 0 in this case. See Figure 2 (c). Taking
the holonomy saddles into account, we have the following result for entire Ω0:
Ω0 =
Nf∑
I=1
q2I
2
∑
a=±
s
(a)
I n
(a)
I (4.87)
where
n
(+)
I =
1√
2pi
∫ F ′(p→+∞)
K(ρI→∞)+F ′(p→p∗)
ds e−
1
2
s2 ,
n
(−)
I =
1√
2pi
∫ K(ρI→∞)+F ′(p→p∗)
F ′(p→−∞)
ds e−
1
2
s2 ,
(4.88)
which confirms the index theorem (4.36).
So far we have considered a linear coupling of P to a polynomial of ρ, which how-
ever can be generalized to higher order interactions. In the above linear interaction
example, the domain of the original integration splits into two region divided by a
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codimension-one space defined by WI = 0. On the other hand, with the generalized
superpotential
W =
∑
m≤M
Pm ·K(m)(ρ) + F (p), (4.89)
now the original integration domain splits in a much more complicated way. For in-
stance, WI = 0 has at most M solutions of P for fixed ρI . Those solutions can merge,
split and cross each other along the way that ρI changes, and the trajectories of
such solutions define the codimension-one spaces that divide the domain into several
subdomains. Note that, among those subdomains, only those unbounded along the
ρI →∞ direction can give nontrivial contributions to the integral; i.e., any bounded
subdomain gives a vanishing contribution because its image under the map (4.23) is
folded and effectively vanishes. Thus, we only need to consider unbounded subdo-
mains and the boundaries between them stretched to ρI →∞. There are at most M
such infinitely stretched boundaries. Their asymptotic values of p for ρI → ∞ can
be denoted by p(n) with n = 1, . . . , N ≤M where N + 1 is the number of unbounded
subdomains. Each subdomain contributes to the integral by its winding number ±1
if
lim
ρI→0,
p→−∞
sgn(s) 6= lim
ρI→∞,
p→p(1)
sgn(s),
lim
ρI→∞,
p→p(N)
sgn(s) 6= lim
ρI→0,
p→∞
sgn(s)
(4.90)
for the first and the last subdomain respectively and
lim
ρI→∞,
p→p(n−1)
sgn(s) 6= lim
ρI→∞,
p→p(n)
sgn(s) (4.91)
for the others.
Lastly, we conclude the discussion by demonstrating an explicit example with
definite winding numbers. For example, let us choose K(ρ), L(ρ) and F (p) as follows:
K(ρ) =
Nf∑
I=1
qIρI , L(ρ) =
Nf∑
I=1
mIρI , F (P ) = −ξP + 1
2
mP 2 +
1
2
αP |P | . (4.92)
Although F (p) here, strictly speaking, is not a polynomial, the above discussion is
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still valid for this example. Using the results obtained above, we find that κ · Zk and
ΩΘ∗=0I for this model are as follows:
κ · Zκ =

+κ , |α| < m ,
0 , −|α| < m < |α| ,
−κ , m < −|α| ,
(4.93)
and
ΩΘ∗=0I =

−1
2
1
|qI | , |α| < m ,
0 , −sign(qI)α < m < sign(qI)α ,
− 1|qI | , sign(qI)α < m < −sign(qI)α ,
−1
2
1
|qI | , m < −|α| .
(4.94)
(4.93) and (4.94) with the holonomy saddles lead to the following result for the 3d
index:
I3d =

κ− 1
2
∑
I q
2
I , |α| < m ,
−∑I∈Iˆ± q2I , ±α < m < ∓α ,
−κ− 1
2
∑
I q
2
I , m < −|α|
(4.95)
where Iˆ± are sets of the indices having positive/negative charges respectively; i.e.,
Iˆ± = {I| ± qI > 0} . (4.96)
We note that there are wall-crossings at m = ±α. On the other hand, the index is
independent of ξ.
In particular, if we set
α = −
Nf∑
I=1
qI |qI |
2
, (4.97)
this example captures the index of the WCPNf−1 model with massive P and the
one-loop corrected superpotential. For the WCPNf−1 model, in fact, the one-loop
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correction to the superpotential is given by
−1
2
Nf∑
I=1
(qIP +mI)|qIP +mI | , (4.98)
which leads to a more complicated vacuum equation. However, we have seen that
only the asymptotics of F (p) is important as long as we compute the Witten index.
Hence, the index of WCPNf−1 can be captured by more simpler one like (4.92).
One can easily check (4.95) for the WCPNf−1 model with massive P in some
limiting cases. First we assume mI are non-zero but very small compared to other
parameters. For |m|  |α|, a vacuum sits either at P = ξ
m
or at P = 0. At P = ξ
m
,
massive P is integrated out and its vacuum expectation value induces mass of a
charged fermion, whose sign is determined by sgn( qIξ
m
). Thus, the effective IR theory
is the Chern-Simons theory of level
κ+ sgn
(
ξ
m
) Nf∑
I=1
sgn(qI)
q2I
2
. (4.99)
Its index contribution is the level multiplied by sgn(m), which is from the fermion
partner of P integrated out:
sgn(m)κ+ sgn(ξ)
Nf∑
I=1
sgn(qI)
q2I
2
. (4.100)
On the other hand, at P = 0 with small mI assumed, we have a set of Higgs vacua
around it; we have
∑
I∈Iˆ+ q
2
I of them for ξ > 0 and
∑
I∈Iˆ− q
2
I for ξ < 0. Their index
contribution is multiplied by -1 due to our sign convention. Combined with (4.100),
the total index is given by
I3d = sgn(m)κ−
Nf∑
I=1
q2I
2
, (4.101)
which is independent of ξ.
For |m|  Nf
2
, a vacuum sits either at P = 0 or at |P | = ξ
α
. For ξ
α
< 0, we have
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only Higgs vacua around P = 0, which give the index
I3d = −
∑
I∈Iˆ±
q2I , ±ξ > 0 (4.102)
or equivalently
I3d = −
∑
I∈Iˆ±
q2I , ∓α > 0 (4.103)
since ξ
α
< 0. For ξ
α
> 0, on the other hand, we have extra topological vauca at
P = ± ξ
α
, described by Chern-Simons theories of level
κ±
Nf∑
I=1
sgn(qI)
q2I
2
(4.104)
respectively. Their index contributions are multiplied by ±sgn(α) due to the massive
fermion partner of P :
sgn(α)
±κ+ Nf∑
I=1
sgn(qI)
q2I
2
 . (4.105)
Combined with (4.102), the total index is again given by
I3d = −
∑
I∈Iˆ±
q2I , ∓α > 0 (4.106)
regardless of ξ. This, with (4.101), confirms the result (4.95). Our result also repro-
duces that of [26] for Nf = 1, up to extra overall -1.
Some Dualities of d = 3 N = 1 Gauge Theories
Now we explore dualities between 3d N = 1 gauge theories with the computation
technique of indices we have used throughout the paper. Before proceeding, let us
remark that we focus on dualities each side of which is either a SO(2) gauge theory
or a Wess-Zumino model [27]. Earlier discussion on d = 3 N = 1 dualities has been
made in [28–30] for a last few decades. For recent discoveries of wider variety of
d = 3 N = 1 dualities involving more complicated Wess-Zumino type interactions or
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non-Abelian gauge groups, we refer the readers to [23,26,31,32].
We start from the following duality between an N = 1 QED and a Wess-Zumino
model:
SO(2) 1
2
with 1 flavor ~Q
W = m
2
| ~Q|2 − 1
4
| ~Q|4 ←→
WZ model with P, ~X
W = P
(
| ~X|2 +m
)
− 1
3
P 3
(4.107)
where m is the relevant deformation parameter. For the QED with the quartic
superpotential, we have a general expression of the index in (4.56), which leads to
the vanishing index for this example:
I3dquartic SO(2)1/2 = κ+
1
2
|q|2sgn(cW ) = 1
2
− 1
2
= 0 . (4.108)
Although this result is independent of the relevant deformation parameter m, it is
interpreted as the Witten index of the theory only when m > 0 because we have the
S1 moduli space of vacua when m < 0. On the right hand side, the index of the WZ
can be obtained in various ways as explained in section 2. We have
I3dWZ = 0 , (4.109)
which is also independent of m.
It was discussed in [27] that one can derive three different dualities involving
Abelian gauge theories from the duality (4.107). The theories in (4.107) have a
SO(2) global symmetry, which can be gauged with an extra Chern-Simons interaction.
Turing on the Chern-Simons level l = 1, 0, −1, one has three different dualities as
follows.
For l = 1, we have the following N = 1 duality involving a pair of d = 3 Abelian
gauge theories, which have quartic and critical superpotentials#4 respectively.
SO(2)− 1
2
with 1 flavor ~Q
W = m
2
| ~Q|2 − 1
4
| ~Q|4 ←→
SO(2) 1
2
with 1 flavor ~X and a singlet P
W = P
(
| ~X|2 +m
)
− 1
3
P 3 .
(4.110)
The semi-classical vacuum structure was drawn in [27] and it is consistent with the
#4This name came from [27] whose authors were inspired by d = 3 bosonization, which maps the
critical scalar theory (with φ4 quartic interaction) to regular fermions. Note that the superpotential
of (RHS) in (4.110) induces quartic scalar interaction |~x|4 to its bosonic potential.
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path-integral computation below. For the quartic theory, we again use the formula
(4.56), which reads
I3dquartic SO(2)−1/2 = κ+
1
2
|q|2sgn(cW ) = −1
2
− 1
2
= −1 . (4.111)
For the critical theory on the right hand side, the index is given by
I3d = κ · Zκ + Ω0 (4.112)
where one can obtain each term from (4.70) and from (4.87) respectively. As a result,
we have the index of the critical theory as follows:
I3dcritical SO(2)1/2 = 0 · κ+
(
−1
2
)
− 1
2
= −1 , (4.113)
which agrees with (4.111).
For l = 0, we have a duality between a gapped theory of massive fields and an
Abelian gauge theory:
Massive field ~Q
W = m
2
| ~Q|2 ←→
SO(2)− 1
2
with 1 flavor ~X and a singlet P
W = P
(
| ~X|2 +m
)
+ 1
2
P 2 .
(4.114)
Note that the superpotential on the right hand side is not the critical one; it has a
quadratic interaction for P . Indeed, those theories have the N = 2 supersymmetry.
For m = 0, we have a non-compact moduli space of vacua, which does not have a
well-defined Witten index. Hence, we assume m 6= 0 for the computations below.
The index of a single massive field is sgn(m). Assuming m 6= 0, the index of the left
hand side is given by
I3dmassive = sgn(m)× sgn(m) = 1 (4.115)
because we have two massive fields. On the right hand side, we have to take into
account the one-loop correction to the superpotential. The one-loop corrected super-
potential is given by
Wone-loop = P
(
| ~X|2 +m
)
+
1
2
P 2 − 1
2
P |P | . (4.116)
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Using the language of W = PK(ρ) + L(ρ) + F (P ), the index is determined by the
following asymptotic values:
lim
ρ→∞
K(ρ) =∞ ,
lim
P→+∞
F ′(P ) = m,
lim
P→−∞
F ′(P ) = −∞
(4.117)
with limp→p∗ F ′(p) negligible. In order to have an integer index, as before, we have
to scale m → Cm with C → ∞. For m > 0, we read the index from the formula
(4.112):
I3dquadratic SO(2)1/2 = 1 · κ+ 0−
1
2
= −1 . (4.118)
For m < 0, we have
I3dquadratic SO(2)1/2 = 0 · κ+
(
−1
2
)
− 1
2
= −1 . (4.119)
Thus, the index of the right hand side is -1 regardless of m. The Witten indices of
the duality pair agree with each other up to sign. This sign discrepancy is explained
by the fact that, in reaching the dual pairs, we have integrated out an SO(2) gauge
multiplet on the left hand side of (4.114). The indices before and after this step differ
by a sign due to the extra gaugino in this example and the one below. Alternatively,
we can choose to keep this SO(2) and match the sign as well. Recall that something
similar happens when we start with N = 2 Chern-Simons and choose to integrate
out the Σ part of the N = 2 vector multiplet.
The last duality with l = −1 is the following:
SO(2) 3
2
with 1 flavor ~Q
W = m
2
| ~Q|2 − 1
4
| ~Q|4 ←→
SO(2)− 3
2
with 1 flavor ~X and a singlet P
W = P
(
| ~X|2 +m
)
− 1
3
P 3 .
(4.120)
For the quartic theory on the left hand side, we have
I3dquartic SO(2)3/2 = κ+
1
2
|q|2sgn(cW ) = 3
2
− 1
2
= 1 . (4.121)
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The index of of the critical theory on the right hand side reads
I3dcritical SO(2)−3/2 = 0 · κ+
(
−1
2
)
− 1
2
= −1 . (4.122)
The Witten indices agree with each other, again up to sign which is due to extra
SO(2)−1 integrated out.
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A Heat Kernel for a Landau Problem
Let us compute the analog of
〈X ′|es∂2/2|X〉 = 1
2pis
e−(X−X
′)2/2s (A.1)
for R2, when a uniform magnetic field is turned on, i.e., for
−1
2
∂2 → HB ≡ 1
2
(
(i∂x − yB/2)2 + (i∂y + xB/2)2
)
(A.2)
with B positive. The Hamiltonian can be rewritten as usual as
HB = B
(
a†a+
1
2
)
, [a, a†] = 1 , (A.3)
via a Harmonic oscillator,
a ≡ i
√
2
B
(∂z¯ +Bz/4) , a
† ≡ i
√
2
B
(∂z −Bz¯/4) (A.4)
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where z = x + iy and ∂z = (∂x − i∂y)/2 etc. The lowest Landau level wavefunctions
at HB = B/2 are
Ψ(0)m (x, y) =
√
(B/2)m+1
pim!
zme−Bzz¯/4
=
√
(B/2)m+1
pim!
(
− 4
B
∂z¯
)m
e−Bzz¯/4 (A.5)
labeled by the eigenvalues m ≥ 0 of the conserved angular momentum,
L = −ix∂y + iy∂x . (A.6)
Higher Landau level wavefunctions are generated as
Ψ(n)m (x, y) =
1√
n!
(a†)nΨ(0)m (x, y) , n ≥ 0 (A.7)
with energy eigenvalues (n+ 1/2)B.
The heat kernel of HB, necessary for the computation of the path integral, is
〈W |e−sHB |Z〉 =
∞∑
n=0
e−s(n+1/2)B∆(n)(W,Z)
∆(n)(W,Z) ≡
∞∑
m=0
Ψ(n)m (W )
∗Ψ(n)m (Z) . (A.8)
The first contribution from n = 0 is easy enough,
∆(0)(W,Z) =
B
2pi
e8∂z¯∂w/Be−B(zz¯+ww¯)/4 =
B
2pi
e−B(zz¯+ww¯−2zw¯)/4 . (A.9)
For higher levels n ≥ 1, we find
∆(n)(W,Z) =
1
n!
(
2
B
)n
(∂z −Bz¯/4)n(∂w¯ −Bw/4)n∆(0)(W,Z) (A.10)
which brings us to
〈W |e−sHB |Z〉 =
[ ∞∑
k=0
1
(k!)2
·
(
e−sB
e−sB − 1 ·
B|z − w|2
2
)k]
· ∆
(0)(W,Z)
2 sinh(sB/2)
. (A.11)
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The sum in the square bracket can be traded off in favor of a single integral. It
reduces to, in the small s limit which is relevant for the heat kernel expansion,
∼ 1
2pi
∫ 2pi
0
dθ e2i cos θ
√
|z−w|2/2s . (A.12)
playing the role of ∼ e−|X−X′|2/2s of flat R2. The other factor similarly replaces 1/2pis.
These expressions say that, again, the heat kernel expansion becomes an expansion
in positive powers of s, and the coincident limit is all that matters for the index-like
computation. In the coincident limit Z = W , on the other hand, the heat kernel
collapses to
〈Z|e−sHB |Z〉 = B
2pi
· 1
2 sinh(sB/2)
, (A.13)
which in the small s limit again reduces to
' 1
2pis
, (A.14)
as is necessary for the usual heat kernel expansion for Ω to be applicable.
B Pfaffian vs. Jacobian
In this appendix, we derive the cancelation between the Pfaffian and the Jaco-
bian given in (4.20). Note that, as a matter of notational ease, we now use ~xI =
(xI(1), xI(2))→ (xI , x′I) and similarly ~yI = (yI , y′I) for Gaussian integral variables.
First, let us consider the case of no neutral field. We want to show
Pf(M˜κ) = −Det
(
∂(yI , y
′
I ,v)
∂(xI , x′I ,u)
)
. (B.1)
for a radial superpotential. Let us examine the Pfaffian of fermion bilinear Pf(M˜κ)
on the left hand side of (B.1). We first note that M˜κ is written in the following block
form:
M˜κ =
(
L Q
−QT N
)
. (B.2)
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Each block is further decomposed into 2 × 2 blocks, each of which is labelled by
doublet labels I, J ∈ {1, · · · , Nf}; #5 For example, the top-left block L is written as
L = (LIJ) where LIJ is a 2× 2 matrix defined by
LIJ = δIJ
(
0 qI(ux + iuy)
−qI(ux + iuy) 0
)
. (B.3)
In the same manner, Q = (QIJ) and N = (NIJ) are also given by
QIJ =
(
∂I∂JW −δIJqIuz + ∂I∂′JW
δIJqIuz + ∂
′
I∂JW ∂
′
I∂
′
JW
)
, (B.4)
NIJ = δIJ
(
0 −qI(ux − iuy)
qI(ux − iuy) 0
)
. (B.5)
where ∂I ≡ ∂∂xI and ∂′I ≡ ∂∂x′I .
Since L is an (2Nf )× (2Nf ) invertible matrix for generic u, its inverse also reads
in a block-diagonal form L−1 = ((L−1)IJ),
(L−1)IJ = δIJ
(
0 − 1
qI(ux+iuy)
1
qI(ux+iuy)
0
)
. (B.6)
Now the Pfaffian of bilinear Pf(M˜κ) can be decomposed
Pf(M˜κ) = Pf(L) Pf(N +Q
TL−1Q) . (B.7)
#5 Throughout this appendix, we choose as a matter of computational convenience
[DψDλ](appendix) ≡ (dλadλa)
Nf∏
I=1
dψbI(1)dψ
c
I(2)
 Nf∏
J=1
dψJ(1),bdψJ(2),c

where super- and subscript a , b and c’s are spinor indices. This differs from our convention in the
main text,
[DψDλ](main text) ≡ − (dλadλa)
Nf∏
I=1
dψbI(1)dψI(1),bdψ
c
I(2)dψI(2),c

which translates to a relative sign factor (−1)Nf+1.
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An auxiliary matrix Nˆ is defined
Nˆ = (ux + iuy)
(
N +QTL−1Q
)
, (B.8)
which is also in a block form Nˆ = (NˆIJ), whose component for “radial” superpotential
is given by
NˆIJ =

(
1
qJ
xIx
′
JWJ − 1qI x′IxJWI
)
WIJ
−δIJ 1qI (q2Iu2 +W 2I )
−
(
1
qJ
xIxJWJ +
1
qI
x′Ix
′
JWI
)
WIJ
δIJ
1
qI
(q2Iu
2 +W 2I )
+
(
1
qJ
x′Ix
′
JWJ +
1
qI
xIxJWI
)
WIJ
(
1
qI
xIx
′
JWI − 1qJ x′IxJWJ
)
WIJ
 .
(B.9)
In (B.9) we used the abbreviation for derivatives of superpotential: WI =
∂W
∂ρI
and
WIJ =
∂2W
∂ρI∂ρJ
.
According to (B.7) and the fact that the Pfaffian of L is simply
(∏Nf
I=1 qI(ux + iuy)
)
,
the Pfaffian of M˜κ is given by
Pf(M˜κ) =
Nf∏
I=1
qI
Pf(Nˆ) . (B.10)
Next let us move on to the Jacobian Det
(
∂(yI ,y
′
I ,v)
∂(xI ,x
′
I ,u)
)
in the right hand side of
(4.20). Recall that the new variables {yI , y′I , v} are defined in terms of the original
variables as follows:
yI = xI
√
q2Iu
2 +W 2I ,
y′I = x
′
I
√
q2Iu
2 +W 2I ,
v = u.
(B.11)
Its Jacobian matrix is written in a block form,
J =
∂(yI , y
′
I ,v)
∂(xI , x′I ,u)
= (JIJ) , (B.12)
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where each JIJ is a 2× 2 matrix,
JIJ =
 δIJ√q2Iu2 +W 2I + xIxJWIWIJ√q2Iu2+W 2I xIx′JWIWIJ√q2Iu2+W 2I
x′IxJWIWIJ√
q2Iu
2+W 2I
δIJ
√
q2Iu
2 +W 2I +
x′Ix
′
JWIWIJ√
q2Iu
2+W 2I
 . (B.13)
Another auxiliary matrix Jˆ is defined by
Jˆ = NˆJ−1 . (B.14)
Surprisingly, Jˆ is given by Jˆ = (JˆIJ) with
JˆIJ =
1
qJ
 xIx′JWJWIJ√q2Ju2+W 2J −δIJ√q2Ju2 +W 2J − xIxJWJWIJ√q2Ju2+W 2J
δIJ
√
q2Ju
2 +W 2J +
x′Ix
′
JWJWIJ√
q2Ju
2+W 2J
−x′IxJWJWIJ√
q2Ju
2+W 2J
 .
(B.15)
Furthermore, one can figure out how to relate Jˆ and J ,
Jˆ = JTS (B.16)
where S = (SIJ) is a block matrix whose component is
SIJ =
δIJ
qJ
(
0 −1
1 0
)
. (B.17)
Hence, the determinant of Jˆ is given by
Det(Jˆ) = Det(J) Det(S) =
Det(J)∏Nf
I=1 q
2
I
, (B.18)
Using this relation, one can also obtain the determinant of Nˆ :
Det(Nˆ) = Det(Jˆ) Det(J) =
(
Det(J)∏Nf
I=1 qI
)2
(B.19)
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and moreover the Pfaffian:
Pf(Nˆ) = ± Det(J)∏Nf
I=1 qI
, (B.20)
where the sign is fixed by the recursive definition of Pfaffian. By combining (B.10)
and (B.20)
Pf(M˜κ) = (−1)NfDet(J) . (B.21)
Taking into account the convention of Pfaffian, we complete the proof of (4.20)
Pf(M˜κ)
(main text) = (−1)Nf+1Pf(M˜κ)(appendix) = −Det(J) . (B.22)
Now let us move on to the case with a single neutral field P . In that case, the
Pfaffian matrix becomes
M˜κ =
 L Q R−QT N S
−RT −ST O
 (B.23)
where R = (RI) and S = (SI) are 2Nf × 2 matrices defined by
RI =
(
0 ∂IWp
0 ∂′IWp
)
, (B.24)
SI =
(
−∂IWp 0
−∂′IWp 0
)
(B.25)
with I = 1, . . . , Nf ; and O is a 2× 2 matrix:
O =
(
0 Wpp
−Wpp 0
)
. (B.26)
Also Wp and Wpp are defined by Wp =
∂W
∂p
and Wpp =
∂2W
∂p2
. Note that we have chosen
a basis of the matrix such that the terms involving the neutral field are placed at the
last part of the columns and rows.
Assuming non-zero Wpp, which can be taken to be zero in the end, one can apply
the identity (B.7), with some exchanges of columns and rows understood, to this new
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M˜κ. The Pfaffian of M˜κ is then decomposed into
Pf(M˜κ) = Wpp × Pf
(
L Q− Oˆ
−QT + OˆT N
)
. (B.27)
where Oˆ = (OˆIJ) is given by
OˆIJ = −RIO−1IJ STJ =
1
Wpp
(
∂IWp∂JWp ∂IWp∂
′
JWp
∂′IWp∂JWp ∂
′
IWp∂
′
JWp
)
. (B.28)
One can see that the presence of neutral field P affects the above derivation for
Pf(M˜κ) without the neutral field in such a way that Q is just replaced by Q− Oˆ; or
equivalently
WIJ → WIJ − WpIWpJ
Wpp
. (B.29)
Next, the Jacobian matrix with the neutral field P is given by
J =
(
J (0) G
H Wpp
)
(B.30)
where J (0) is the Jacobian matrix without the neutral field; G = (GI) is a 2Nf × 1
matrix:
GI =
 xIWIWpI√q2Iu2+W 2I
x′IWIWpI√
q2Iu
2+W 2I
 (B.31)
and H = (HJ) is a 1× 2Nf matrix:
HJ =
(
xJWpJ x
′
JWpJ
)
(B.32)
with I, J = 1, . . . , Nf . Using the identity
Det
(
A B
C D
)
= Det(D) Det(A−BD−1C) , (B.33)
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we obtains the Jacobian as follows:
Det(J) = Wpp ×Det
(
J (0) − Kˆ
)
(B.34)
where Kˆ = (KˆIJ) is given by
KˆIJ =
 xIxJWIWpIWpJWpp√q2Iu2+W 2I xIx′JWIWpIWpJWpp√q2Iu2+W 2I
x′IxJWIWpIWpJ
Wpp
√
q2Iu
2+W 2I
x′Ix
′
JWIWpIWpJ
Wpp
√
q2Iu
2+W 2I
 . (B.35)
Recall J (0), which is given by (B.13). One can see that again the presence of the
neutral field replaces WIJ by WIJ − WpIWpJWpp in the derivation of the Jacobian without
the neutral field. Therefore, the proof of (B.22) above still holds with this replacement
understood. With more than one neutral fields, one can perform the same procedure,
which reduces the columns and rows involving neutral fields one by one.
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